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Abstract 

Consider a Lipschitz domain S7 and a measurable function g supported in with ||/x|| ioo < 
1. Then the derivatives of a quasiconformal solution of the Beltrami equation df = gdf 
inherit the Sobolev regularity W n ' v {fl) of the Beltrami coefficient g as long as SI is regular 
enough. The condition obtained is that the outward unit normal vector N of the boundary of 
the domain is in the trace space, that is, N £ 


1 Introduction 


Let g £ L°° supported in a certain ball B C C with 


< 1 and consider K := 


i±Mj 

i-IImII, 


say that / is a A'-quasiregular solution to the Beltrami equation 


df = lid f 


. We 


( 1 . 1 ) 


with Beltrami coefficient ^x if f £ Ipp 2 , that is, if / and V/ are square integrable functions in any 
compact subset of C, and df(z) = g(z)df(z) for almost every z £ C. Such a function / is said 
to be a A'-quasiconformal mapping if it is a homeomorphism of the comple x pl ane. If, moreover, 
f(z) = z + 0(1) as z —1 oo, then we say that / is the principal solution to (1.1). 


Given a compactly supported Beltrami coefficient g, the existence and uniqueness of the prin¬ 
cipal solution is granted by the measurable Riemann mapping Theorem (see [AlM09l Theorem 
5.1.2], for instance). A natural question is to what spaces / belongs. The goal of this paper is to 
prove the following theorem. 

Theorem 1.1. Let n £ N, let LI be a bounded Lipschitz domain with outward unit normal vector 
N in Bpip 1 ^(dLl) for some 2 < p < o o and let /x £ W n,p (Lt) with ||/x|| ioo < 1 and supp(/x) C P. 


Then, the principal solution / to (1.1) is in the Sobolev space W n+1,p (Ll). 


The principal solution can be given by means of the Cauchy and the Beurling transforms. For 
g £ Cf° its Cauchy transform is defined as 


Cg(z) := — f ——— dm(w) for all z £ C, 

n J z — w 


and its Beurling transform, as 


Bg(z) := lim — [ 

£ ^ 0 7T Ju 


g(w) 

\w — z\>£ 


;dm(w) for almost every z G C. 


*MP (Departament de Matematiques, Universitat Autonoma de Barcelona, Catalonia): mpratsOmat .uab. cat. 
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The Beurling transform is a bounded operator in L p for 1 < p < oo and for g £ fF 1,p (C) we have 
that B{dg) = dg. Given a ball B , the Cauchy transform sends functions in L P (B) and vanishing in 
the complement of B to W 1,P (C) when 2 < p < oo. Furthermore, the operator I — gB is invertible 
in L 2 and, if we call 

h := (I — gB)~ 1 g, 


then 


f(z) = Ch(z) + z 


is the principal solution of (1.11 with df = h and df = Bh + 1. 

The key point to prove Theorem 0 is inverting the operator (/ — gB) in a suitable space. 
Astala showed in | IAst94| that h £ L p for 1 + k < p < 1 + 1/k (in fact, since h is also compactly 
supported, one can say the same for every 1 < p < 1 + k even though (/ — gB) may not be invertible 
in L p for that values of p , as shown by Astala, Iwaniec and Saksman in [AISQlj ). Clop et al. in 
|CFM + 09] and Cruz, Mateu and Orobitg in GMOl.'i proved that if g belongs to the Sobolev space 
W s,p ( C) (in the Bessel potential sense when s £ N) with sp > 2 then also h £ kF s,p (C). One also 
finds some results in the same spirit for the critical case sp = 2 and the subcritical case sp < 2 in 
ICFM+091 and ICFRlO j. but here the space to which h belongs is slightly worse than the space to 
which g belongs, that is, either some integrability or some smoothness is lost. 

When it comes to dealing with a Lipschitz domain with supp(/i) C f2, Mateu, Orobitg and 
Verdera showed in |MQV09l that, if the parameterizations of the boundary of O are in C 1,e with 
0 < £ < 1, then for every 0 < a < e one has that 


g£C°’ s (Cl) ==► h£C°’ a {n). 


( 1 . 2 ) 


Furthermore, the principal solution to (1.1) is bilipschitz in that case. The authors allow O to be a 


finite union of disjoint domains with boundaries overlapping in sets of positive length. In |CF12j . 
Giovanna Citti and Fausto Ferrari proved that, if one does not allow any overlapping at all, then 


(1.2) holds for a = e. In [ICM013] the authors study also the Sobolev spaces to conclude that for 
the same kind of domains, when 0 < a < £ < 1 and 1 < p < oo with up > 2 one has that 


g £ W a ’ p (Q) 


h £ W a ’ p {n). 


(1.3) 


A key point is proving the boundedness of the Beurling transform in VF <T,P ( fl). To do so, the 
authors note that B\n € W a ’ p (V,) by means of some results from [ MQV09] and then they prove 
a T(l) theorem that grants the boundedness of B in W a ’ p (tt) if B\n £ VF CT,p (f2). The other key 
point is the invertibility of I — gB in W a ’ p (n) 1 which is shown using Fredholm theory. 

Cruz and Tolsa proved in |CT12| that for 0 < s < 1, 1 < p < oo with sp > 1, if the outward 
unit normal vector N is in the Besov space Bp, p 1 ^ p (9fl) then B\n £ VF s,p (fl). This condition is 
necessary for Lipschitz domains with small Lipschitz constant (see [Toll3| ). Moreover, the fact 
that N £ Bp~^ p (<9f2) implies the parameterizations of the boundary of f l to be in Bp^, 1 1 ^ p and, 
for sp > 2, the parameterizations are in C 1+s ~ 2 / p by a well-known embedding theorem. In that 
situation, one can use the T(l) result in |CMQ13] to deduce the boundedness of the Beurling 
transform in kF s,p (fI). However, their result on quasiconformal mappings only allows to infer that 


for every 2/p < a < s — 2/p we have that (1.3) holds. 

Note that Theorem |1.1| only deals with the natural values of s, but the restrictions a < s — 2/p 
and s < 1 are eliminated. For n = 1 the author expects this to be a sharp result in view of |Toll3| . 

In IPral5| the author proved that the Beurling transform is bounded in W n ’ p (fl), reaching the 
following result: 
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Theorem 1.2. Consider p > 2, and n £ N and let Q be a bounded Lipschitz domain with N £ 
Bpf, 1 ^ p (dfl). Then, for every f £ W n ' p {Ti) we have that 


where C depends on p, n, diam(S2) and the Lipschitz character of the domain. 

In this paper we will face the invertibility of (/ — pB)(xn-) in W n ’ p (tt). We will follow the 
scheme that Iwaniec used in |Iwa92| to show that I — pB is invertible in every L p for 1 < p < oo 
when p £ VMO. That is, we will reduce the proof to the compactness of certain commutators. In 
our context, however, as it also happens in )CMQ13j . we will have to deal with the compactness 
of the operator xnB {xn^B (xsr)) as well. Their approach was based on a result in [MOV09] that 
could be useful for the case W y,p { fl) with a < n — 2/p but it is not sufficiently strong to deal with 
the endpoint case W n ' p (Q ), so we present here a new approach which entangles some interesting 
nuances (see Section 3.3). 

Let us stress a crucial step in Iwaniec’s scheme. We need to bound not only the Beurling 
transform but its iterates B rn or, more precisely, we need the norm of p m B m (xci') '■ W n,p (£l) —> 
W n ’ p (Ll) to be small for m big enough. Thus, Theorem 1.2 above is too naive, and we need a 
quantitative version. The reader may expect to find a bound with a polynomial behavior with 
respect to m, but the fact is that the author has not been able to get such an estimate. Instead, we 
will use an upper bound for the norm with exponential growth on m but the base will be chosen 
as close to 1 as desired, as shown in | IPral51 Theorem 3.15]. This will suffice to prove Theorem |1.1| 

The plan of the paper is the following. In Section [2] some preliminary assumptions are stated. 
Subsection 2.1 explains the notation to be used and recalls some well-known facts. In Subsection 
|2.2| one recalls some tools to be used in the proof of the main result. In Subsection |2.3| the definition 
of the Besov spaces B pp is given along with some well-known facts. Subsection 2.4 
operators related to the Beurling transform, providing a standard notation for the 
and recalling the precise results from [Pral5j to be used. 


is about some 
whole article, 


Section [3] gives the proof of Theorem |l.l| In Subsection 3T one finds the outline of the proof via 
Fredholm Theory, reducing it to the compactness of a commutator which is proven in Subsection |3.2| 
and the compactness of xnB ( Xn c B m (xsr)) which is studied in Subsection 3.4 Finally, Subsection 
3.3 is devoted to establishing a generalization of the results in [MQV09j to be used in the last 
subsection. 


2 Preliminaries 

2.1 Some notation and well-known facts 

On inequalities: When comparing two quantities x\ and Xi that depend on some parameters 
Pi,... ,Pj we will write 

•£1 C B’p il ,...,p i ^x 2 

if the constant C Pi >Pi . depends on p 2l , ... ,pi y We will also write X\ < Pil ,... lPi . X2 for short, or 
simply X\ < X 2 if the dependence is clear from the context or if the constants are universal. We 
may omit some of these variables for the sake of simplicity. The notation X\ ~ Pii ,... lPi . X2 will 
mean that X\ < Pil ,... lPi . X2 and X2 X\. 

On polynomials: We write V n (l$. d ) for the vector space of real polynomials of degree smaller 
or equal than n with d real variables. If it is clear from the context we will just write V n . 

On sets: Given two sets A and B , we define their long distance as 

D(A, B) := diam(A) + diam(U) + dist(A, B). 
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Given x £ R d and r > 0, we write B{x,r) or B r (x) for the open ball centered at x with radius 
r and Q{x,r) for the open cube centered at x with sides parallel to the axis and side-length 2 r. 
Given any cube Q , we write £(Q) for its side-length, and rQ will stand for the cube with the same 
center but enlarged by a factor r. We will use the same notation for balls and one dimensional 
cubes, that is, intervals. 

We call domain an open and connected subset of R d . 

Definition 2.1. Given n > 1, we say that tt C C is a (5, R) — C"” 1,1 domain if given any z € dfl, 
there exists a function A z £ C'" _1,1 (M) supported in [— 4R, 41?] such that 




< 


R>- 


for every 0 < j < n, 


and, possibly after a translation that sends z to the origin and a rotation that brings the tangent 
at z to the real line, we have that 


n Q(0,1?) = {x + iy : y > A z (x)}. 


In case n = 1 the assumption of the tangent is removed (we say that ft is a (5, R)-Lipschitz domain). 


On measure theory: We denote the d-dimensional Lebesgue measure in by m. At some 
point we use m also to denote a natural number. We will write dz for the form dx + idy and 
analogously dz = dx — i dy, where z = x + i y. Thus, when integrating a function with respect to 
the Lebesgue measure of a variable 2 we will always use dm{z) to avoid confusion, or simply dm.. 

On indices: In this text No stands for the natural numbers including 0. Otherwise we will 
write N. We will make wide use of the multiindex notation for exponents and derivatives. For 
a £ Z d its modulus is |a| = JA=i \ a i\ and ds factorial is a! = Tii=i a i~ Given two multiindices 
a, 7 £ lA we write a < 7 if a,; < 7 * for every i. We say a < 7 if, in addition, a ^ 7 . Furthermore, 
we write 

IT (“A = /nil 7i !(£- 7i )! if a e K and 0 < 7 < a, 

7 “ V7*/ \0 otherwise. 

For x £ and a £ 7L d we write x a := WxfK Given any </> £ C^° (inhntitely many times 

differentiable with compact support in M d ) and a £ Nq we write D a (f = J ? 1 i i <f. 

1 1 

At some point we will use also use roman letter for multiindices, and then, to avoid confusion, 
we will use the vector notation i,j,... 

On complex notation For z = x + iy £ Cwe write Re ( z ) := x and Im( 2 ) := y. Note that 
the symbol i will be used also widely as a index for summations without risk of confusion. The 
multiindex notation will change slightly: for z £ C and a £ Z 2 we write z a := z ai z a2 . 

We also adopt the traditional Wirtinger notation for derivatives, that is, given any ^ £ C£°(C), 
then 

: = jz( z ) = \(dx<!>-idy<j))(z), 



and 


d<f(z) |^( 2 ) = *( d x (j) + id y (p)(z ). 


Thus, given any </> £ C^°( C) and a £ Nq, we write D a <fi = d ai d a2 (j). 

On Sobolev spaces: For any open set U, every distribution / £ T>'(U) and a £ Nq, the 
distributional derivative Djff is the distribution defined by 


(Dyf, <t>) ■■= (-1 ) |Q| (/,D“<^) for every 0 £ C™(U). 
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Abusing notation we will write D a instead of Dy if it is clear from the context. If the distribution 
is regular, that is, if it coincides with an L] oc function acting on T>(U), then we say that Dyf is a 
weak derivative of / in U. We write |V”/| = S| a |=n \D a f\- 

Given numbers n £ N, 1 < p < oo an open set U C and an L] oc (U) function /, we say 
that / is in the Sobolev space W n,p (U) of smoothness n and order of integrability p if / has weak 
derivatives Dyf £ L p for every a £ Nq with |a| < n. When 12 is a Lipschitz domain, we will use 
the norm 

ll/llw".p(n) = II/IIlp(£ 2) + ll^ ,1 /llLp(n)> 

which has other equivalent expressions such as 

d 

ll/llw".p(fi) ~ ~ ll/llip(n) + II^^ILp(n) (^-1) 

\a\<n j —1 


(see [Tri78l Theorem 4.2.4]) or, if f l is an extension domain, 

II/IIw".p(0) ~ F .^ = f ll^ r llw"-P(K‘ ! )- 

From jJon81| . we know that uniform domains (and in particular, Lipschitz domains) are Sobolev 
extension domains for any indices n £ N and 1 < p < oo. 

On Whitney coverings: Given a domain 12, we say that a collection of open dyadic cubes 
W is a Whitney covering of 12 if they are disjoint, the union of the cubes and their boundaries is 
12 , there exists a constant Cyy such that 

C'yyf'(Q) < dist(Q, <912) < 4C'yyf'(Q), 

two neighbor cubes Q and R (i.e., QC\R . / 0) satisfy i(ff) < 2 £(R), and the family {20Q}Q e yy has 
finite overlapping. The existence of such a covering is granted for any open set different from M. d 
and in particular for any domain as long as Cyy is big enough (see |Ste701 Chapter 1 ] for instance). 

On the Leibniz rule: Given a domain 12 C R d , a function / £ IT"’ P (12) and a multiindex 
a £ Ng with |a| < n, if </> £ then (j) ■ f £ W n ’ p ( 12 ) and 

£“(</>•/) = E ( a ) D^D a ~y ( 2 . 2 ) 

7 <a ' 


(see |Eva98l Section 5.2.3]). 

On Green’s formula: The Green Theorem can be written in terms of complex derivatives 
(see [AIM09 . Theorem 2.9.1]). Let 12 be a bounded Lipschitz domain. If f,g £ W 1,:L (12) fl C(12), 
then 

[ (df + dg) dm = l - ( [ f(z) dz - [ g{z) dz) . (2.3) 

Jn z \Jdn Jon / 

On the Sobolev Embedding Theorem: We state a reduced version of the Sobolev Em¬ 
bedding Theorem for Lipschitz domains (see jAF03i Theorem 4.12, Part II]). For each Lipschitz 
domain 12 C and every p > <2, there is a continuous embedding of the Sobolev space W 1,p (12) 
into the Holder space C°’ 1_ p(12). That is, writing 

ll/llc».*(n) = ll/lli-(n) + SU P_ _ !.\^ for 0 < s < 1, 

x,yen y\ 

xj=y 
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we have that for every / £ W 1,p ( LI), 


II/Ilz,°°(s7) — — CnWfWw 1 ^^)- (2-4) 

On inequalities: We will use Young’s inequality. It states that for measurable functions / 
and g , we have that 

\\f*9\\ L ,<\\f\\ L r\\g\\ LP (2.5) 

for 1 < p, q, r < oo with f = f + I — 1 (see ISte70 : . Appendix A2]). 


2.2 On chains and approximating polynomials 


In the proof of Lemmas 3.1 and 3.2 we will use some techniques from [PT151 Sections 3 and 4]. 
We sum up some results here and refer the reader to that paper for the details. First we need the 
concept of ‘chain of cubes’, which can be seen as some kind of hyperbolic path between the centers 
of those cubes. Along this section and the following one, we consider as the ambient space, the 
necessary modifications to Definition |2. 1 1 are left to the reader. 



Figure 2.1: A Whitney decomposition of a Lipschitz domain with an admissible chain. In green, 
the prolongations to Qq (see Remark 2.21. 


Remark 2.2 (see [PT15| h Consider a Lipschitz domain D C R d , a Whitney covering W, and a 
fixed Whitney cube Qq £ W with size comparable to the diameter of LI. For every pair of Whitney 
cubes Q and S there exists an admissible chain [Q, S'] £ Um=i W M > that is, satisfying the following 
properties: 

1. The chain [Q , S] = ( Q\ ,..., Qm) satisfies that Q\ = Q, Qm = S and for any 1 < j < M , 
the cubes Qj and its next cube in the chain [Q, S], A f{Qj) '■= Qj+i are neighbors. Abusing 
the notation, we also write [Q, S] for the set {Qi ,..., Qm}- 

2. The length of the chain f([Q,S]) := ^(Qj) satisfies that £([Q,S]) « D (Q,S), with 

constants depending only on d and the Lipschitz character ofLl. 
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3. If M > 1, there exist two neighbor cubes Qs,Sq £ [Q,S] such that the subchains [Q,Qs] 
and [S Q ,S\ are disjoint, the union [Q,Qs] U [/Sq,iS] = [Q, S] and there are two admissible 
chains [Q,Qq\ and [Qq;^] such that the subchains [Q,Qs] C [Q,Qo] and [5q,S] C [Qo,5]. 
In other words, [Q,Qs] is the “ascending” subchain and [Sq,.?] is the “descending” subchain 
(see Figure 2.1). 


4- For P £ [Q, Qs], L £ [Sq, S] we have that 

Moreover 


D(P, Q) w £(P) and D (L, S ) « i{L). 


( 2 . 6 ) 

(2.7) 


In particular, 


OQs) « 1{S Q ) » D(Q, S) w D (Q, Q s ) « D(Q S , S). 

All the constants depend only on d and the Lipschitz character of Cl. 

Definition 2.3. If Q,S £ [ P , Qo] for some Whitney cube P and AP (Q) = S for a certain j £ No, 
then we say that Q < S. 

We define the shadow of Q as SH p (<5) := {5 : D(S,Q) < pQ}, and its “realization” is the 
region Sh p (Q) := Usgsh (Q) h'or po big enough, we have that every Whitney cube Q satisfies 
that 

{S : S <Q} CSU P0 (Q). 


We will then write Sh(Q) := Sh po (Q) (see Figure 2.2). 



Figure 2.2: A Whitney decomposition of a Lipschitz domain with the shadows of three different 
cubes (see Definition 2.31. 


Let us recall the definition of the non-centered Hardy-Littlewood maximal operator. Given 
/ £ Lj oc (M. d ) and x £ we define Mf(x) as the supremum of the mean of / in cubes containing 
x, that is, 


Mf(x) = sup -r^ry f f(y) dy. 
Qb x M Jq 
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It is a well known fact that this operator is bounded on L p for 1 < p < oo. We are interested also 
in the properties of the maximal function exposed in |PT15] . 

Lemma 2.4. Assume that g £ Lj oc (M . d ) and r > 0. For every Q £ W, we have 


1) ifv> o, 


E 

S:D(Q,S)>r 


Is 9( x ) dx 

D(Q,S) d + p 


< 


infygQ Mg(y) 

j'V 


( 2 . 8 ) 


2 ) Ifn> o, 


E 

S:D(Q,S)<r 


fa a(x) dx 

D{Q,S) d ~ p 


< inf Mg{y)r v . 
v&Q 


(2.9) 


3) In particular, 


E [ g{x)dx< M Mg(y)£(Q) d . 
s^q J s veQ 


We will also use some approximating polynomials of a Sobolev function / around 3 Q. Namely, 
given a function / £ W n,v (Q), we define Pq/ as the unique polynomial such that for every 
multiindex a with |a| < n , we have that 



These polynomials have the following properties: 

1. Let zq be the center of Q. If we consider the Taylor expansion of P ^q 1 f at zq, 

P n sQ 1 f(z)= E m Qt ,(z-z Q y, ( 2 . 10 ) 

|t| <n 

then the coefficients n iq :1 are bounded by 

\rn Q ,^\ <d,n 11/11^,00(3^(1 +i(Q) n ~ 1 ). (2.11) 


2. Let us assume that, in addition, the function / is in the Sobolev space W n ' v (3Q) for a 
certain 1 < p < oo. Given 0 < j < n, if we have a smooth function ip £ C°°(3Q) satisfying 
|| V'^V||ioo( 3 Q( 1$ (.(qy for 0 < * < j, then we have the Poincare inequality 


v((/-p; 0 -‘/) v )||„ (3g) <cwr-iv 


\Lp( 3 Q)- 


( 2 . 12 ) 


3. Given a domain with a Whitney covering W, two Whitney cubes Q, S £ W, an admissible 

(2.13) 


chain [S, Q\ as in Remark 2.2 and f £ W n,p {H), we have that 

< 


/-Pag 1 / 


LAS) 


v ^) d D(p,sr-^ 

/ 3 £(P)d- 1 -1 IIl 1 (5P)' 


fe[s,Q] 


Lemma 2.5. Consider a Lipschitz domain It C with Whitney covering W, two functions 
f £ L P (Q) and g £ L p (11) and p > 1. Then 


Mla 


. D(P,S) P \\j ||Li(20P)l|yilii(20Q) 

A p{j,g) : — 2^ 2^ 

Q,S6WP£[S,Q] 


I{P) d ~ 1 D{Q,S) p + d 


~ H/llLP(f2)llffllLp'(f2)- 




















Proof. Using that P £ [S, Q] implies D(P, S) < D(Q, S) (see Remark 2.2), we get 

/II /II L X (20P) Hull L 1 (20Q) 


A P (f,g) 


< 


E E + E E 

Q.S&W Pg[S,S q ] Q,sew Pe[Q s ,Q]; 
= A^{f,g)+A^{f,g). 


£(P) d ~ 1 D(Q,S) d + 1 


We consider first the term A^\f,g) where the sum is taken with respect to cubes P £ [S, Sq] 
and, thus, by (2.61 the long distance D(Q, S) ~ D(P,Q). Moreover, we have S £ SH(P) by 
Definition |2.3| Thus, rearranging the sum, 


IL 1 (20P) 


A < 'Hf,g)< E p(p\d -1 pin p\d +1 

Pew ^ ' Qew ^ SeSH(p) 


E 


|9|Il 1 (20Q) 


E ^) rf - 


By Definition |2.3| again 


J2 KS ) d » 

seSH(P) 


and, by (2.8) and the finite overlapping of the cubes {20<2}Q e vv, we get 


E 

Qew 


I l 1 ( 20 Q) < inf x e20P Mg(x) 


P(Q,P) d+1 


£(P) 


Next we perform a similar argument with A^(f, g). Note that when P £ [Qs,Q], we have 
D(Q, 5) ~ D(P, S) and Q £ SH(P), leading to 




£(S')° 


p(p\d-i Z_/ n»iim( 20 Q) n/p oqd+i' 
Pew 1 ' QeSH(p) Sew v ’ ’ 


By (2.9) we get 


E IIs , IIp i (2oq) £ p Mg ( x )e(P) 0 

QeSH(P) 


and, applying (2.8) to the characteristic function of the domain, 

£{S) d 


E 

sew 


1 


d(p, s ) d + 1 ~ e(p)' 


Thus, 


A (( H^Hi 1 (20P) inf20P Mg , md ^ v-^ «; n 

Mf>9)< 2^ f( P) d-1 - Jrn^ i{p) ~ E 11/ • ^S'llz J r ( 20P)- 


*(P) 


Pew ' ' v ' Pew 

By Holder inequality and the boundedness of the Hardy-Littlewood maximal operator in L p 

i/p / \ i/p' 


A. 


( \ VP/ \ i/P 

E H/HE(2op) E H M /|E(2op) S ll/llpunill/Mn)- 

Pew / V p / 


□ 
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2.3 Function spaces 

Next we recall some definitions and results on the function spaces that we will use. For a complete 
treatment we refer the reader to [Tri831 and I RS96 1. 

Definition 2.6. Let {tpj}°T 0 C C£°(R d ) be a family of radial functions such that 

( supp -00 c B(0,2), 

\ supp tpj C D(0,2-?' +1 ) \ ©(O^" 1 ) if j > 1, 
for all multiindex a £ N d there exists a constant c a such that 

ll £, “^illoo ^ f° r ever y 


and 

OO 

^ ipj ( x ) = 1 for every x £ M. d . 

3= 0 

Definition 2.7. Given any Schwartz function if £ 5(K d ) its Fourier transform is 

Ftp(Q = [ 

Jm d 

This notion extends to the tempered distributions iS(K d y by duality. 

Let s £ R, 1 < p < oo, 1 < q < oo. Then we define the non-homogeneous Besov space B^ (R 6 *) 
as the set of tempered distributions f £ S'(M. d ) such that 

\\f\\B kq = \\{^\\F-%Ff\\ LP }\\ lq <oc. 

These norms are equivalent for different choices of {tpj}. 

Consider the boundary of a Lipschitz domain fi C C. When it comes to the Besov space 
B^ (dSl) we can just define it using the arc parameter of the curve, 2 ► dll with \z'(t)\ = 1 for 

all t. We also use an auxiliary bump function ipn : R —► R such that tpn\2i = 1 and </?a|(4 iy = 0 . 
Then, if 1 < p, q < oo, we define naturally the homogeneous Besov norm on the boundary of f l as 

H/llB* i? (an) := IK/o^^nlls. ^R)- 

Note that if the domain is bounded, then I is a finite interval with length equal to the length of 
the boundary of It and we need to extend z periodically to R in order to have a sensible definition 
above. For more information on these norms, we refer the reader to E ra!51 Section 2.3]. 

Theorem 2.8. Let n £ N and 1 < p < oo with np > d. If II C R d is an extension domain, then 
for every pair f,g £ W n,p (fl) we have that 

\\fg\\ — P’d,n,p,n\\f\\w n -p(n) llffll w n ’P{o.y 

Moreover, if II is a Lipschitz domain and p > d, then for m > n we have that 
\\f m \\w™’P(n) — Cd,n,p,nm n ll/llL~(n)ll/llvv™,i>(n)- 
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Proof. We have that W n,p (R d ) is a multiplicative algebra (see [R.S961 Section 4.6.4]), that is, if 
f,g eW n ’ p (R d ), then 

ll/sllw"'* ^ Cd,n,p||/Ilw".pll5llw"-P‘ 


Since is an extension domain, we have a bounded operator E : W n,p (Xl) —>• W" ,P (M“) such that 
(Ef )|q = /|n for every / £ W n,p {Xl). The first property is a conse quen ce of this fact. 

To prove the second property, first assume that / £ C°°(Q). By (2.1) we only need to prove that 

IIW m )IUn) < C d , n , P ,nm n (||/||^ ( o)ll/ll^,p(n) 
will assume k = 1. By the Leibniz’ rule, it is an exercise to check that 


^ for 1 < k < d. Without loss of generality, we 


d n {r)=r -n ,'/(/. (2.14) 

JeNJ i=l 

for l<i<n 

Ul=« 


with cj m > 0 and c / m = TO ”. Consider / 
embedding Theorem, we get 


(n, 0, • • • ,0). Then, by (2.41, that is, the Sobolev 


n^/ 


= IK/r-nUo) < 11^/11^(0)11/11^(0) <o.p 11/11^(0). (2.15) 


Lp(O) 


For j ^ (n, 0, • • • ,0), the indices ji < n for 1 < i < n and we use ( |2.4| ) again to state that 

n 

mf 


2=1 


Lp(Q) 


<nk/ r 

II L°°(U) ^ II 


i—1 


W 1 ’P( O) 


< WfWw^tny 


(2.16) 


By (|2.14|), (|2.15|), (|2.16|) and the triangle inequality, we get that 

n 

IK/ 




ji>ji +1 for l<i<p 

l/l=» 


Z =1 


<TO n llfll™T^sll/'ll?. 


L°“(n)ll/ llwp.p(n)- 


LP{Q) 


By an approximation procedure this property applies to every / £ W n,p {Xl). □ 

2.4 A family of convolution operators in the plane 
Definition 2.9. Consider a function K £ Lj (C \ {0}). For any f £ L] oc we define 

T K f(z) = lim f K(z — w) f (w) dm(w) 

£_>0 JC\B e (z ) 

as long as the limit exists, for instance, when K is bounded away from 0, / £ L 1 and z ^ supp(/) 

or when f = \u for an open set U with z £ U, f B ( 0 )\b ,(o) ^ = ® f or ever y e > s' > 0 and K 

is integrable at infinity. We say that K is the kernel of T K . 

For any multiindex 7 £ 1?, we will consider K~ t (z) = z 1 — z 11 !? 72 and then we abbreviate 

T'lf :=T K ^f, that is, 

T 1 f(z) = lim f {z — w) 7 /(w) dm{w) 

e ^°Jc\B e (z) 

as long as the limit exists. 

For any operator T and any domain Q, we can consider To/ = xo T{x n /)• 
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Example 2.10. As the reader may have observed, the Beurling and the Cauchy transforms are in 
the above family of operators. Namely, when K(z ) = z~ 2 , that is, for 7 = (—2,0), then ^T 7 is 
the Beurling transform. The operator —tC 1 ,®) coincides with the Cauchy transform. 

Consider the iterates of the Beurling transform B m for m > 0. For every f £ L p and z € C we 
have 


B m f(z) 


( —1 ) m TO 

7T 


lim [ 

J\Z-T\>£ 


(z-t )™- 1 
(z - r ) m+1 


/(t) dm(r ) 


(- 1 )" 


-T ( 




m- 


That is, for 7 = ( 71 , 72 ) with 71 + 72 = —2 and 71 < —2, the operator T 1 is an iteration of the 
Beurling transform modulo constant (see \AIM09i Section f.2f), and it maps L P (U) to itself for 
every open set U. If 72 < —2, then T 7 is an iterate of the conjugate Beurling transform and it is 
bounded in L p as well. 


Let us sum up some properties of the Cauchy transform which will be useful in the subsequent 
sections (see ]AlM09l . Theorems 4.3.10, 4.3.12, 4.3.14]). We write Ing '■= Xn g for every g £ Lj oc . 

Theorem 2.11. Let 1 < p < 00 . Then 

• For every f £ L p , we have that dCf = Bf and dCf = f. 

• For every function f £ L 1 with compact support, we have that if p > 2 then 

\\Cf\\ LP < P diam(supp(/))||/|| iP . (2.17) 


• Let H be a bounded open subset of C. Then, we have that 

In°C: L p { C) W 1>p (ft) 


(2.18) 


is bounded. 


In the companion article |Pral5j . we proved the following theorem. 

Theorem 2.12 (see |Pral51 Theorem 3.16]). Consider p > 2, n > 1 and let LI be a Lipschitz 
domain with parameterizations in B p ^ p . Then, for every e > 0 there exists a constant C e 
depending on p, n, LI and e such that for every multiindex 7 £ Z 2 \ {(—1, —1)} with 71 + 72 > —2, 
one has 


II T, 


n liw"-p(n)->-w n +'i'i+'T 2 + 2 >! , (n) 


< C t | 7 |-+^+^+ 2 (HiVH^-v^anj + (1 + e) 171 ) + diam(fi)^+^+ 2 . 


In particular (see Example 2.10), for m G N we have that ( B m )^ is bounded in W n,p (Q), with 
norm 

-” +I + (1 + «)”)■ 


ll(^ )n|liv n .p(a)_>vr n .p(a) — Ce TO 


3 Quasiconformal mappings 


3.1 Proof of Theorem 11.11 


Consider m £ N. Recall that (B m )o,g = Xo.B m {xo.g) for g 
Xng- Note that /q is the identity in W n ’ p (Ll). Let us 
• • • + (pSn)" 1 ” 1 - Since W n ’ p (Ll) is a multiplicative algebra 
bounded in W n,p (Ll). Note that 


£ Lj oc (see Definition 2.9) and Ing = 
define P m := I n + pB n + {pB n ) 2 + 
(by Theorem 2.8), we have that P m is 


Pm o (In - gBn) = (In - gB n ) ° P m = In - (gBn) m , 


(3.1) 
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and 


In - = (In - pT(B m ) a ) + p m ((B m )n - (B n ) m ) + (/l m (B n ) m - ( M B n ) r 

= A£> + n m AW+AW. 


(3.2) 


Note the difference between ( B n ) m g = X nB(. .. XnB(xnB(xng))) and ( B m )ng = XnB m (xng)- 
Next we will see that for m large enough, the operator In — (/aBn) m is the sum of an invertible 
operator and a compact one. 

First we will study the compactness of = /. i m (Bn) m — (pBn) m ■ To start, writing \[i,Bq\(-) 

for the commutator /iBq(-) — Bn(g-) we have the telescopic sum 


= 5> ro “ J '[M,Bn] (^(BnY 

3 =1 
m— 1 

= J E» m - j \»,B n ] {^-\Bnf 

3 =1 

l(3) 




Arguing by induction we can see that A y m can be expressed as a sum of operators bounded in 
W n,p (IV) which have \g,Bn] as a factor. It is well-known that the compactness of a factor implies 
the compactness of the op erato r (see for instance |Sch021 Section 4.3]). Thus, the following lemma, 
which we prove in Section 3.2 implies the compactness of 4™ . 

Lemma 3.1. The commutator [n,Bn] is compact in VF” ,p (f2). 

Consider now ArY = ( B m ) n - (Bn) m - We define the operator 7 Z m g := X nB (xn<=B m ~ 1 ( X n g)) 
whenever it makes sense. This operator can be understood as a (regularizing) reflection with 
respect to the boundary of fh For every g £ W n,p (fl) we have that 

A^g = X n (B(( X n + X no)B m ~ 1 ( X n g)) - B ( X n ((B^g))) 

= XnB (; XncB m -\xn9 )) + XnB ( Xn (B m ~ 1 ( X nO - (Bn(0) m_1 ) fl) = + B n o A^_ l9 . 


Note that by definition 


Urn = 




(3.3) 


is bounded in W n,p (^l). In Section 3.4 we will prove the compactness of lZ m , which, by induction, 

( 2 ) - 

will prove the compactness of A rn . 

Lemma 3.2. For every m, the operator lZ m is compact in W n,p (fl). 

Now, the following claim is the remaining ingredient for the proof of Theorem o 
Claim 3.3. For m large enough, 4m is invertible. 

Proof. Since p > 2 we can use Theorem |2.8| to conclude that for every g £ W n,p (fl) 

\\T m (B m hg\\ W n, P{n) < \\pn\wn, H n)\\(B m h9\\ Wn , nn) 

By Theorem |2.12[ for any e > 0 there are constants depending on the Lipschitz character of fI 
(and other parameters) but not on m, such that 


\(B m h\\ W n, nn) ^ wn , P{n) <™ n+1 ((l + e)”* + 


b: 


t-i/p 


( on ) 


)• 
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In particular, if we choose 1 


e < uyjj—, we get that for m large enough, the operator norm 

□ 


|/x m (B m )n|| W n 1 p(Q)_ >W n, P (Q) < 1 and, thus, in (|3.2[) is invertible. 


Proof of Theorem o Putting together Lemmas |3.1| and |3.2[ Claim [373] and ( |3.2[ ), we get that 
In ~ (gBn) m can be expressed as the sum of an invertible operator and a compact one for m big 
enough and, by ( |3.1[ ), we can deduce that In — /jBq is a Fredholm operator (see ISch02 l Theorem 
5.5]). The same argument works with any other operator In — tgBn for 0 < t < 1/H/xH^. It is 
well known that the Fredholm index is continuous with respect to the operator norm on Fredholm 
operators (see |Sch02[ Theorem 5.11]), so the index of In — gBn must be the same index of In, 
that is, 0. 

It only remains to see that our operator is injective to prove that it is invertible. Since /i 
is continuous, by [Iwa92] the operator I — gB is injective in L p . Thus, if g £ W n ’ p (fl), and 
(In ~ /J.£>n) ( J = 0, we define G(z) = g(z) if z £ 12 and G(z) = 0 otherwise, and then we have that 

(/ - gB)G = (/ - g X nB)( X nG) = (I a - gB n )g = 0. 

By the injectivity of the former, we get that G = 0 and, thus, g = 0 as a function of fl /n ’ p (fl). 

Now, remember that the principal solution of (1.1) is f(z) = Ch(z) + z , where 


h= (I — gB)~ l g 


that is, h + gB(h) = g, so supp(/i) C supp(/z) C S2 and, thus, xnh + gBn(h) = h + gB(h) = g 
modulo null sets, so 

h\n = (In - gBn)~ 1 g, 


proving that h £ W n ’ p (TL). By Theorem 2.11| we have that Ch £ L p ( C). Since the derivatives of 
the principal solution, df = h and df = Bh + 1 = Bnh + xn^Bh + 1, are in W n ’ p (H), we have 
f e W n+1 ’ p (fl). □ 


3.2 Compactness of the commutator 

Proof of Lemma \3.1\ We want to see that for any g £ W n ’ p (H) fl L°°, the commutator \g,Bn] is 
compact. The idea is to show that it has a regularizing kernel. In particular, we will prove that 
assuming some extra condition on the regularity of g , then the commutator maps W n,p (^l) to 
W n+1,P (TL). This will imply the compactness of the commutator as a self-map of W n,p (fl) and, by 
a classical argument on approximation of operators, this will be extended to any given g. 

First we will see that we can assume g to be C£°(C) without loss of generality by an approxi¬ 
mation procedure. Indeed, since f i is an extension domain, for every g £ W n ’ p ( fi), there is a 
function Eg with \\Eg\\ Wn , P ( C j < such that Eg\n = gxn- Now, Eg can be approxi¬ 

mated by a sequence of functions {gj}jen C C£°(C) in IF" ,P (C) and one can define the operator 
[g.j. Bn] : W n ’ p (Tl) —► W n ’ p (Tl). Since W n,p (fl) is a multiplicative algebra, one can check that 
{[/jj,Hn]}jeN is a sequence of operators converging to [ g,Bn] in the operator norm. Thus, it is 
enough to prove that the operators ]/i,, Bq] are compact in W n ’ p (£l) for all j (see jSch021 Theorem 
4.11]). 

Let g be a Cf°( C) function. We will prove that the commutator [g, Bn] is a smoothing operator, 
mapping W n,p (VL) into IF n+ 1 ’ p (fI). Consider / £ W n,p (Q), a Whitney covering W with appropriate 
constants and, for every Q £ W, choose a bump function x^q < TQ < XiQ with 11 V- 7 g>Q 11 LOO < 
£(Qy ■ Recall that we defined P 3 Q / to be the approximating polynomial of / around 2>Q. Then, 
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we split the norm in three terms, 


7'n+l 


\M,B n ]f\\ P LP{a) < p E |V n+ V,B n ]((/ 

Qew 

+ E ||v n+ v^]((/ 


_ pn-l 
*3 Q 


P 

L?(Q) 


_ Tjn —1 
*3 Q 


Q GW 


/) ¥>q) 

/) (xn - ¥>q)) 


(3.4) 


V 

Lp(Q) 


+ E || v " +1 [f.8n] ( P K , /)||' I(0) =:® + © + 


Q GW 


First we study (T). In this case, we can use the following classical trick for compactly supported 
functions. Given p G C£°(C) and g G L p , then Cg G IT 1,p (supp(v?)) by (2.18). Therefore, we can 
use Leibniz’ rule (2.2) for the first order derivatives of p ■ Cg (see |Eva981 Section 5.2.3]), and by 
Theorem |2.11| we get 

P ■ B(g) - B{p ■ g) = p ■ dCg - B(p ■ dCg) = -dp ■ Cg + d(p ■ Cg) - dB{p ■ Cg) + B(dp ■ Cg) 

= B{dp ■ Cg) — dp ■ Cg. (3-5) 


Thus, for a fixed cube Q , since we assumed that p G we have that 

M ((/ - P 3 Q 1 /) <pq) = B (dp■ C ((/ - P^ 7 ) p Q ))-dp-C ((/ - p+7) <pq) ■ 

Therefore, using the boundedness of the Beurling transform and the fact that it commutes with 
derivatives, we have that 


p 

l^Q) 


®=E | vn+ vs] ((/ - P3Q 1 /) vq ) 

Q 

< p £ ||v n+1 (dp ■ c ((/ - p^ 7) w )) |[ p + EI v ” +1 fa■ c ((/ - P 3 Q 1 /) *> Q )) 


Q 

— E E iif i iivv"+ 2 -' 

Q 3=0 


p 

Lp 


V J C ((/ - P”g7) <*j) 


P 

Lp 


and, using the identities dC = B, dC = Id (when j > 0 in the previous sum) together with (2.17) 
from Theorem 2.11 (when j = 0) we can estimate 


/ 71+1 


® s E (E | vi_1 ((/ - p 3 qV) <pq) || p lp(2Q) +m 


Q \.7=1 


/-P3Q 1 / 


p 

Lp(2Q) 


and, by the Poincare inequality (2.12) we get 


n+1 

® <n,p EE^) ( " +1_J> II V "/II^( 2 Q) SuO ||mII7’ 1 + 2 -“ j l|V”/|liP ( n)- 

Q j=0 


Second, we bound ( 2 ). Let Q be a Whitney cube, let z € Q and let a G N 2 with |a| = n + 1. 
Then, if we call 


Kp(z,w) 


p(z) - p(w) 
(z — w ) 2 
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then, since z is not in the support of (/ — P^q 1 /^ (xn — Pq), we have that 

[p,Bq\ ((/ - Pgg 1 /) (xn - pq)) (z) = j ^ D“K^(z,w) ( f(w) - P 3q7m) (1 - p Q (w)) dm.. 


D 

Note that 


D~ K p( z ,w) = (n(z) - fi(w))D° 


1 

(z — w ) 2 


7<a 


E ( 


(z — in ) 2 ’ 


so using | n(z) — p(w)\ < |j V/r|| Loo | z — w| we get 

\D*K^(z,w)\ < C n ,n\\n\\ W n+i,, 


: — ?/?l n + 2 


Using the duality expression of the L p norm, estimate (2.13) and Lemma 2.5 we get 


fa f(w) - Po 0 1 /(w) dm(w) r 

zy y \\p\\ wn +i.oo sup e - - q\ n + 2 -/ i#(~)i 

D(Q,5 )"+ 2 y Q 


< \\p\\ W n+l,co sup .E E 

llsl1 lp '- 1 Q,S Pe[Q,S] 


D (Q,S) n + 2 

\\9\\L H Q)\\v n f\\ L ^ 3 pp(p,sr-H(s) 2 


£(P)D{Q,S) n + 2 


< 


n, n \\P\\ W n+t,. 


\LP(n)- 


Next we use a T( 1) argument reducing (3 ) to the boundedness of [/i, £?n](l). Consider the mono¬ 
mials Pq^(z) := (z — zq) 1 where zq stands for the center of Q. The Taylor expansion (2.101 of 
Pg q 1 f around zq can be written as Pg q 1 /(- z ) = X^| 7 |<n Thus, we have that 


-7r[Ai,S n ]P^VW = 


11 7 1 * -2,0 ) 
/b 


P 3Q 1 /(^) = E m Q. 7 

|7|<n 


U T* -2 ’ 0 ) 

Pi 1 n 


(PQn) ( z h 


and using the binomial expansion (w — zq ) 1 = X)a< 7 ( — 1 ) A (aK~ — w) X {z — zq ) 1 x we have 

-n[^Bn]P n 3 Q 1 f(z)= E m Q , 7 E (“Wf) U© 2 ’° )+A ] (!)(*) P Q>1 - X {z), (3.6) 


| 7 |<n 


0<A< 7 


that is, 


= E V’-^.BnKP^ 1 /) 

Qew 

~ E E E i ?ti q.7 

M<™ 0<A<7<3GVV 


P 

LP(Q) 


7U+1 


( Pi - 


n(-2,0) + A 

n 


(1) • Pq,7-a) 


P 

Lr(Q) 


But every coefficient |mg j7 | is bounded by C , ||/||w"--i.«>(Q) 
are uniformly bounded in Q. Therefore, we have that 


by (2.11) and all the derivatives of Pq n 


© ^ ll/llvv"-i.o°(n) E E 

QeW0<|A|<n 


„ t (-2 ,0)+A 
Pi 1 ^ 


1 


P 

m"+ 1 .p(Q)‘ 


16 

































Using the Sobolev Embedding Theorem, we get 


~ Il/llv^".p(f2) 


E r t (-2,o)+a 
|Ab 1 n 

i 0<|A|<n 


W n + l,P(n) 


El 

Q GW 


ii T < '~ 2 ’ 0 ^ 

AL J n 


W"+i,p(q) 


Note that if A > 0 , then the operator 2-0)+A has homogeneity — 2 + A 1 + A 2 > —2 and, therefore, 
by Theorem [2T2| T^~ 2 ’ 0)+X : W n ’ p (fl) -> lU n+ 1 ’P(U) is bounded and, since p > 2 and fU n+1 ’ p (U) 


is a multiplicative algebra, we have that 




(—2,0)+A 


n 


ll^n+i,P ( a)- Therefore, 


r+tfjn) 


+ 


t (-2,0)+A 

A* 


< 


W"+!.p(n) 


n,p,Q 


lvv">p(n)> 


(|Ia‘II^+i,p ( o) + ll^,Bn](l)||^„ + i„ (n) ) 

so we have reduced the proof of Lemma |3.1| to the following claim. 

Claim 3.4. Let 2 < p < 00 , n € N. Given a bounded Lipschitz domain U with parameterizations 
in Bp^ 1 1,/p and a function p £ Cf°(C), then [/z,Hq]( 1) £ W n+1,p (fi). 

We know that [p,Bn]( 1) = pBn( 1) — Bn(p) £ W n,p (Ll). We want to prove that V n+1 [p,Bn] 1 £ 
L p . To do so, we split the norm in the same spirit of (3.4), but chopping p instead of /: 


\V n+1 [p,Bn](l)\\ P LP{n) < P E | V ” +1 [(^- P 3 qV) <Pq,B n] (1) 

Qgw 


p 

Lp(Q) 


+ £ |v n+1 [(/i - P l+ 2 p) (xn - PQ),Bn] ( 1 ) 

Qgw 

+ E || V ” +1 [ p 3gVfin] (1) P =:(*) + & + 

Qgw 


p 

lp(Q) 


lp{Q) 


First we consider ( 4 ). Since (^p — P^^p'j ipQ £ C£°, by (3.5) we have that 


E||v" +1 [(m-P 3 ^V) Pq,£ 

Q 


Xn 


p 

Lp( C ) 


< P E I V ” +1 ( d ((^ - P 3Q V) <Pq) ■ Cxn) 

Q 

+ E \\ V n+1 (5 ((p - P n 3 + 2 p) <p Q ) ■ C X n) 


p 

L?(2Q) 

P 

Lp(2Q) 


and, using Leibniz’ rule (2.2), Holder’s inequality, and the finite overlapping of double Whitney 
cubes, 

TL~\~ 1 / \ 

tell Vi+1 ((- p 3^) -)Lj • IE +W MlEnr (3.7) 


To bound (T) it remains to see that supg gVV V J+1 ^p — P ^Q 2 p) <Pq) 

< IIV ra+3 /i|| p 

-H V A t || i =o (3 QY 


Poincare inequality (12.121) leads to 


L°° (2Q) 


< 00. The 


v j+ 1 ((m-p^V) ¥>q) 


V 

L°°(2Q) 


(3.8) 
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Thus, the bounds (3.71 and (3.8) yield 


— Cp,n,diamn||V /i|| L°° (SI) II^AP II w™+i,p(fi) > 


which is finite by Theorem 2.12 


Next we face (jf). Note that for a given Whitney cube Q, if z £ Q, then Xa(z) — <Pq{z) = 0, so 


= E |v” +1 6((m-P"+V) (xn-<PQ) 

Qew 


p 

L”(Q)' 


Moreover, for z £ Q £ W, we have 

9" +1 S ((/x - P£+ 2 /x) (Xn ^ ¥>< 3 )) {*) = c. 


(m(^) - P 3qVM) (1 - <Pq(«>)) 


/o\|Q 


[z — w) 3+r 


dm(w). 


Since dB If n — PgA [i ) (xn — <Pq) ) i z ) = 0, only d ra+1 is non zero in the (ra + l)-th gradient, so 


7»«B ((„ - p;jv) to - W>) w| < E 5 ®^ 

sew ' 


a — P n+2 // 
P *3Q P 


LHS) 


Consider an admissible chain [S', Q\. By (2.13) we have that 

^(S) 2 D(P, S )" +2 n „ +3 


ii — P n+2 n 
P *3 Q P 


< 


LHS) 


E 


£(P) 




L 1 (5P)' 


Pe[s,Q] 

Combining all these facts with the expression of the norm by duality and Lemma |2.5[ we get 

£(S) 2 D(P, S ) n+2 , 


< 


sup 


E Ladm E D(Q,ff) 3+n 51 


g eL p '(fi):||g|| p /<l q JQ SeW 


P&[S,Q] 


m 


|V n+3 H 


i!(5P) 


< diam(fl ) 2 sup EE E 

g£LP (f2):||fl|| p /<l Q s Pe[S,Q] 


ns) 2 ||v"+ 3 Ai |L jlfRP J| ff || il 


L^5P)»y»LHQ) <• || v „+3 I 


*(P)D(Q,S)3 


lp(q)- 


Finally we focus on 


E| 

Qew 


yn+l 


P 3qV,^ 


( 1 ) 


p 


L p (Q) 


Consider first a monomial Pq^(z) = (z — zq ) 7 for a multiindex 7 £ N 2 . Then, as we did in (3.6), 
we use the binomial expression Pq j 7 (u>) = [Ca< 7 ( — 1)' A ' (aK 2 ~ W ) X { Z ~ z qV~ X t° deduce that 


-nBnPq,^) = T^ 2fi) P Qn {z) = £ (-1) |A| Q W 2 > 0)+A (1)(*)( Z - z Q y~\ 

0<A<7 V / 

Note that the term for A = 0 in the right-hand side of this expression is Tq 2 , °Hl)( z)Pq i 7 (z), so 
it cancels out in the commutator: 

-7r[P Ql7 ,B n ](l)(*)= E (-1) |A| Q)^- 2 ’° )+A (1 )(z)Pq, 7 _a(H- (3-9) 

o<a< 7 v 2 
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Now, writting P 3 q 2 n(z) = Y 2 \ 1 \<n +2 m Q,i P Q,i( z ) we have that 


= £ |V" +1 [PggV,$ q](1) < Y, E \m Q ,,\ p \\V n+1 [P Q ^BnKl)\ 

QeW QeW 7<ra+2 


P 

LP(Q)’ 


so using (2.11) and (3.9) together with Leibniz’ rule (2.2), we get 

71+1 




SEE E llv^-^a) 


QGW 7<n+2 o<A< 7 .7=0 


llyra+l-ip || P 

iP (Q)ll ^’ 7 II (Q) 


— C , n,p,n||A f ||^l/n + 2,oo 'y ' 

0<A:|A|<n+2 


t: 


(-2,0)+A 


n 


(1) 


p 


W"+up(n) 


(3.10) 


2.12 


because 


In the last sum we have that T ,q 2 , 0 ) +A (i) g W n+ 1 ,p (Vl) for all A > 0 by Theorem 
the operators 7 1 (~ 2 '°)+ A have homogeneity greater than —2. Thus, the right-hand side of (3.10) is 
finite. □ 


3.3 Some technical details 

Given m = (mi, m 2 , m 3 ) £ N 3 , let us define the line integral 


Km{z,£) ■= 


(w-ZY 


'an ( z - w ) mi (w - Y) m2 


dw 


(3.11) 


for all z,£ £ ft, where the path integral is oriented counterclockwise. 

Given a j times differentiable function /, we will write 

Pf (/)«)= E+^-ti 

\A<: l ' 

for its j-th degree Taylor polynomial centered in the point z. 

Mateu, Orobitg and Verdera study the kernel K^ 2 ,m+i,m)( z ^) for m £ N in (MQV091 Lemma 
6 ] assuming the boundary of the domain ft to be in C 1,e for e < 1. They prove the size inequality 


1 -^( 2 , m+l,m) i Z : 01 


< 


l*-£l 


2—e 


and a smoothness inequality in the same spirit. In |CMQ13I . when dealing with the compactness 
of the operator 7 Z m f = xn& (xn c ^ m ~ 1 (xn /)) on W s ’ p (£l) for 0 < s < 1, this is used to prove 
that the Beltrami coefficient /i £ W s,p (Cl) implies the principal solution of df = [idf being in 
VL s+ 1 ’ p (fl) only for s < e. These bounds are not enough for us in this form and, moreover, we will 
consider mi > 2 (this comes from differentiating the kernel of lZ m , something that we have to do 
in order to study the classical Sobolev spaces). Nevertheless, their argument can be adap ted to 
the case of the boundary being in the space Bp^ 1 ~ l ^ p C C n,1 ~ 2 / p to get Proposition 


3.6 


which will be used to prove Lemma 3.2 The proof has the same basic structure as in |CMQ13| 


below, 


but it is more sophisticated and makes use, among other tools, of a lemma of combinatorial type 
that is proven later on. 

We will use some auxiliary functions. 
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Definition 3.5. Let us define 


■- 2ni 


{r-ZY 


'an 


T — W 


dr for every w, £ ^ dfl, 


and 


,W := / 

JdS 


(T-zY 


dr = 2'KiH m 3 tZ (z) for every z £ fi. 


(3.12) 


i an T ~z 

Proposition 3.6. Let Q, be a bounded Lipschitz domain, and let m = (mi,m 2 ,m 3 ) £ N 3 with 
mi > 3, m 2 , m 3 > 1 and m 2 < mi + m 3 — 2. Then, the weak derivatives of order m 3 of h m3 in Q 
are 

d :, d" li J h m3 = Cm 3 jB J xn, for 0 < j < m 3 . (3.13) 

Moreover, for every pair z,f £ fl with z 7 ^ we have that 


K A (z,Z) = Crfl d m i- 2 Bxn(z) 






E 


C m,jR m 3 1+m3 _ 3 j(z, Z) 


(£ — z) m 2 ' < (£ — z) m2 +mi — l—j ’ 

VS j<m 2 -1 VS ' 


where 


KtjM ■■= dJ hm 3(0 - P™~>(d>h m3 m 


(3.14) 

(3.15) 


is f/ie Taylor error term of order M — j for the function d 3 h m3 . 

We begin by noting some remarkable properties of these functions. 


Lemma 3.7 (see jVerOll p. 143]). Let Q be a bounded Lipschitz domain. Given £ (f dfl and 
w £ dfl, if we write /f “ 3 ^(w) for the interior non-tangential limit of when £ —> w and 

-ff + 3 ^ (w) for the exterior one, we have the Plemelj formula 


(w - Z) ms = H m 3 ^(w) - H + 3 i (w). 


(3.16) 


Remark 3.8. Given j = (ji,j 2 ) with j 2 < m 3 , taking partial derivatives on (3.12) we get 

(T^z) m3 ~P 


Dh m 3 (z) = d^d J 2 h m3 ( z ) = ^EE(-i r 


1 an 


(r — z) 1+ L 


dr for every z £ fl 


and, in particular, h m3 is infinitely many times differentiable in Q. Therefore, by Green’s formula 
\2.3 1 ) and the cancellation of the integrand (see jPral 5\ (3.2)]), for j > 0 we have 


D^ m 3 -»h m 3 (z) = c m3 j [ 

■/as 


(t - z) j 


■ dr = Cn 


- rM - 1 


(w — z) 


I an (t-z ) 1+ 1 

for e < dist(z, d£i) and, in case j = 0, by the Residue Theorem 

f -L 

lanT-z 


n\B(z, s ) ( w ~ z)i +1 


dm(w ) = Cm 3 jB J xn(z) 


d ™ 3 hm 3 (z) = Cm 3 


dr = Cm 3 2 Trixn(z), 


proving (3.13). 
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Remark 3.9. We can also relate the derivatives of both h m3 ( z ) and H m 3 ^{z) for any pair z,£ £ fi. 
By Definition\3.5\ and the previous remark, we have that 


2 7t iHm 3 ,t L {z) = Y 
1=0 
ra 3 

= E 


<dSl 


fm 3 \ (t - z) m3 ~ l {z - £)* 

V i 


dr 


m 3 \ -rl 


1=0 


(m 3 - l)\l\ 


dd h m 3 (z) 


(m 3 — 1 )\ j 


m 3 ! 




that is, 


2 ? Tid J H m 3 ^{z) = Y w-D W) /i TO 3 (;z)(£ - z) 1 . 


(3.17) 


1=0 


Proof of Proposition \376\ Since (3.13) is shown in Remark 3.8 it remains to prove (3.14). 
Consider z,£ £ SI. Then , , ."wEEs decays at oo 


as 


\ w \m 1 +m 2 + 


i and it is holomorphic in 


Sl c . Thus, by Cauchy’s theorem and a limiting argument we have that 

(^) m a +H+ 3 i (w) 


K*(z,£) = 


ion 


(w - £) m3 

(z — w) mi (w — £) m2 


dw = 


i an 


(z — w) mi (w — £,) m2 


dw, 


and using (3.16), 


Ka(z ,0 = (-l) mi [ 
J as 


H m 3 A W ) 


dw. 


ian {w - z) mi {w - £) m2 
Note that H m 3 ^(w) is holomorphic in f l, implying that the integrand above is meromorphic in 
SI with poles in z and £. Moreover, R “ 3 c £ L 2 (dSl) by the boundedness of the Cauchy transform 
in L 2 (V) on a Lipschitz graph T (see [VerOlj . for instance). Thus, combining the Dominated 
Convergence Theorem and the Residue Theorem, we get 


(-l) mi A^(z ,0 = 27Ti 


( — 1 — 

\ (mi - 1 )! 


d ' 


g m 3 ,e(-) 

(. _ £)m a 


(z) 


1 


nm 2 - 


gm„f(Q 

_(• - z ) m i 


Therefore, 

(—l) m i 


K*{z ,0 = 


2m (mj — 1)! . ^ jiW- (^O™ 2 ^ 

ji+j2=m 1 -l 


1 


(m 2 - 1)! 

y- (mi - 1 )! d j 2 H m 3 ^(z) ?1 (m 2 + ji - 1 )! 

2^ 1 , Ii„| (* _ ^ ' Cm.n - 1V 

!>0 

- 

V —_7C - /_ 1 y 

/ > I A I /^ ~\m .i -J-ii ' ' 


(0 ■ 


(m 2 — 1)! Ji !j2! ((^) mi+ » 

Ji+J2=m2 —i 


(m 2 - 1)! 

(mi + ji - 1 )! 

(mi- 1 )! 


Simplifying and using (3.17) on the first sum of the right-hand side and (3.12) on the second 
one, we get 




ji,h >0 

3l+j2=m 1 -l 




E 


h,n>o 
ji+j 2 =m 2 — l 


m i+ji-l\ 1 d n h m3 (£,) 


mi -1 ) j 2 \ (£-z) m i+B 


(-1 y 2+1 . 


(3.18) 
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The key idea for the rest of the proof is that the first term in the right-hand side of (3.18) contains 
the Taylor expansion of the functions in the second one. 

Let m 2 — 1 < M < nii+m 3 — 2 (later on we will actually use the value M = rrii+m 3 — 3). Then, 
using the Taylor approximating polynomial of each d j 2 h m3 and multiplying by (£ — z '} m i+m 2 -i we 
get 


mi —1 

o(*-o mi+m2_1 = E 

3=0 
m 2 —1 

E 

3=0 
m 2 —1 

-E 

3=0 


/ m 2 + mi — 2 — j\ 1 

V m 2 - 


i ' 2 

' J ' 1=0 


rai+m2 -2-A(-lg 

m i-l / j! J 

mi + ro 2 - 2 - (~iy D l d J h m 3 (z) 


nii — 1 


E 


(Z-z) 


i+{j, 0 ) 


To simplify notation, let us define the error 

f 17 

V m i -1 


E M = -K m (z,t)(z-£) m '+ m *- 1 + E 

j=o 


/-m, + - 2 - j\ (-Ig (f _ (3 . 19) 


J- 


Then, 


Em = E 


Q>0 

a<(mi~ l,m3) 


mr +m 2 - 2 - D a h m 3 (z) (t ^ c 

m 2 -1 / a! U 


- E E 

a>0 0<j<min{m2 —l,ai} 
|aj<M 

Note that if a 2 > m 3 , we have that 


Am + m 2 - 2 - j\ (-1 ) J P a h m3 (z) 
V mi - 1 J j\ (ai - j)\a 2 \ 


D a h m 3 (z) = 0 


(£-*) c 


(3.20) 


(apply (3.13) with j = 0). The same happens for the case a = (ai,m 3 ) with au > 0. On the other 
hand, if ai > mi — 1, then ( mi+ ™ 3 lf~ ai ) = 0. By the same token, if j > m 2 — 1, = 0. 

Thus, we can write 


Em = 


E 


D a h m 3 (z) 


(Z-zY 


| cn| <mp +m3 —2 


/mi + m 2 - 2 — ai 
V m 2 - 1 


-X\ a \<M E 

j<ai 


mi + m 2 — 2 — j\ f a 1 


mi — 1 


Note that we have added many null terms in the previous expression, but now the proof of the 
proposition is reduced to Claim |3.10| below which implies that 

Am + m 2 - 2 — ai^ D a h m 3 (z ) t 
V m 2 - 1 


Em = E 

M < | a | <mi +m,3 — 2 


-(£-*)“■ 


Taking M = mi + m 3 — 3 in this expression, only the terms with |a| = mi + m 3 — 2 re main and, 
arguing as before, if c*i > mi — 1 then ( mi+ ™ 2 -i _Ql ) = 0 an£ i ^ a2 — 7713 then (3.20) holds (in 
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case of equality, we can use that |a| > M > m 3 because we assume that mi > 3, granting that a 
derivative of the characteristic function is taken here). Summing up, by (3.131 we have that 

ntmj-l.mj-llL (-A 

_ __ ' L m 3 \~) _ \(mi-l,m 3 -l) _ 


E mi+ m 3 -s = ~(mr - l)!(m 3 - 1)7 " O 1 "* 1-1 '"* 3-1 ' = b-a-D. 


By (3.19) this implies ( |3. 14 ). 

Claim 3.10. For any natural numbers mi, m 2 and ol\ we have that 


□ 


/ I O \ ^1 

( m\ + m 2 — 2 — a 1 
m 2 - 1 




Proof. We have the trivial identity 


j =0 


aq\ ( m 2 + mi — 2 — j 


jJ V m i -1 


mi + m 2 — 2 — ai 

m 2 — 1 


m 1 + m 2 — 2 — oq 
mi — 1 — a\ 


X>b 


j / 0 \ /mi + m 2 — 2 — oq — i 


i=0 


mi — 1 — ai 


Let Ki, re 2 , k 3 £ Z with Kq > 0. We have that 

K, 1 / \ / -\ ^1 




2=0 


\ / K 3 — l 
«2 


= E(-d 
2=0 
Kl + 1 

= Et- 1 )' 

l=o 

rei+l 

= E(-b 

l=o 


«q\ /^K3 + 1 - * 

ft 2 + 1 

Kl\ (K 3 + 1 - j 
K '2 T 1 


Kq + l\ /«3 + 1 - j 


Ki \ / K 3 — l 


1^2 T 1 


Ki 

j - 1 


+ 1 ~j 

K 2 + 1 


J 


K, 2 P 1 


Arguing by induction we get that 
0 


E(-D 


i =0 


0 \ (mi + m 2 — 2 — ai — i 
mi — 1 — aq 


i=o 


Qi\ / m 2 + mi — 2 — j 


mi — 1 


□ 


Lemma 3.11. Let z,£ be two points in an extension domain Q C R d , M > la natural number, 
p > d and f £ W M+ 1 ’ P (Q). Then, writing 0 := Od, P = 1 — the Taylor error term satisfies the 
estimate 

1/(0 - p?m l < c\\f\\ WM+1 , P(n) \z - £i m+ct . 

Proof. Let us assume that 0 £ Q. Using the extension LI : W M+s,p (Ll) —► W,^ /+S ’ p (13(0, 2 diam(U))) 
and the Sobolev Embedding Theorem, it suffices to prove the estimate for f £ C M,r 7 (R d ). We will 
prove only the case d = 1 leaving to the reader the generalization, which can be obtained by using 
the one-dimensional result over appropriate paths. In the real case, we define 


F t (u) := 


m - pfrm 


(t-u) 


M 


23 













for any k / f € 1. We want to see that \F t (u)\ < C'||/|| c . M , CT |u — t\ a for t ^ u. Note that the 
M-differentiability of / implies that lim T _> t F t (r) = 0. Thus, decomposing Pfff /(f) = P^ I ~ 1 f(t) + 
_l_/(m)( u )(£ _ u ^m, we jjayg that 


F t (u) = lim F t (u) - Ft(r) = lim 


(/w - pf-'m) - (m - p t m -vw) 


(t-u) 


M 


+ iim (m-py-'m) (- 


/f-it) M (f — t) m y 

+ I™ M (~ /(M) (U) + /(M) (T) ) = ® + @ + ©• (3-21) 


The first term in (3.21 1 is 


® = 


(m - pf-'m) 


(f - u) M 

and, using the mean value form of the remainder term of the Taylor polynomial, there exists a 
point Ci £ (it, f) such that 

/W(ci) 


The second term in ( |3.21[ ) is 
@ = lim (/(f) - P™- l f{t)) ( 


® M! ' 

(t — t) m — (t — u) M 
(f — u) M (t — T ) 


M 


= Bm (/(«) - ?**'/(()) (n - r) j 


= lim 


u — T 


M 




/(t) - 


M 


tt — u — 1 (t—r ) M+1 i 


= - V lim-- 


/(f) - 


J=1 


r-yt (t — u)i 1 (f —t ) m+1 f 


Applying the Taylor Theorem, only the term j = 1 has a non-null limit in the last sum, with 


M! 

so 




l*t(«)l < 


/ (M) (Cl) 

Ml 


Ml 


—- lim 
M! r-vt 


/(M)( u )_/(M) (r) 


< 


M ! 1 


IC M -' 


|it-f| c 


□ 


Recall that in (3.151 we defined the Taylor error terms 

PmjM ~ ^ m3 (0 - p™- j (d j h m3 )(0 

for M,j,m 3 £ N and z,£ G fi. Next we give bounds on the size of these terms. 


Lemma 3.12. Consider a real number p > 2 and naturals n,m £ N and let Q C C be a bounded 
Lipschitz domain with parameterizations of the boundary in Bp J 1 l ^ p . Writing a p := 1 — then 
for j < m we have that 

liC&dMI < - C| m+ "- J+<Tp (3.22) 

and, if zi,Z 2 ,f, £ with \z\ — £| > ||zi — Z 2 I, f/ten 

- ^C+n-u( 22 , 0 l < C-n^Izi - z 2 r-\z i - (3.23) 
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Proof. Recall that B k \n £ W n,p (Ll) for every k by Theorem 


2.12 


Thus, by (3.13) we have that 


V m+1 /i m+1 £ W n,p (Q) and, since h m +\ is bounded in S2 as well (take absolu te values in ( |3.12| ), 
we have that d 3 h rn+ \ £ W n+rn+1 ~ 3 ’ p (tl) for 0 < j < m + n. By Lemma 3.11 it follows that 


\R 


m +1 


{z,f,)\<c\\d 3 h m+1 \ 




\z~Z\ 


m-\-n—j-\-<j p 


The second inequality is obtained by the same procedure as (MQV09I Lemma 7]. We quote it 
here for the sake of completeness. Assume that Zi,z 2 ,f £ Ll with \zi — £| > \\z\ — z 2 \ ■ Then 

R™ + n-lA Z 1.0 - R Z + n-uM = P™ +n - x - j Vh m {f,) - p™ +n - x - j Wh m {0. 

But for a natural number M and a function / £ C M ’ (7p (Q) one has that 

</(?)-•?"/«>= E E 

l\ -f— 7! 

\i\<M \j\<M J 

Since (£ - z 2 )° = J2i<j (f)7i - z 2 ) 3 ~ z (^ - zi)\ one can write 


O(0-O«)= E E ^4t^E 


|i|<M 

= E 

|?|<M 

= E 

\i\<M 


\j\<M 


j! 


i<j 


{S-ziY 


{£-* 1 Y 


( 


(zi - 0 (£ - Zl y 

\ 


if Hz l)- E ^¥(-1 -Z2Y- 


\ 


\j[<M 

i<3 


{j ~ 0 


/ 


(0~i) - O l?l £>7(*i)) • 


Therefore, Lemma 3.11 may be applied to obtain 

10(0 - O(oi <E it-zinfWw^ {a) \zi -z 2 \ M - i+ °* 

i<M 

<\t- Zl \M\ Zl - Z2 \° 


\ w M + 1 -p(n)- 


□ 

We finish this section with a short lemma that we will also use in the proof of Lemma |3.2| We 
say that a function is radial if /(re lS ) = /(r) for every 6 £ (0, 27t). 

Lemma 3.13. Let f be a radial function in L 2 (C) such that f |b = 1. Then, for every m > 1, 

B m f(z) =0 for z £ D. 

Proof. Consider first the characteristic function xb- Then, 

Bxo(z) = -z~ 2 x B<=, 

(see |AIM09 ;, (4.25)]). That is, Bxo vanishes in D and coincides with the holomorphic function 
z" 2 in D c . 
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Next, consider a function defined as (p{z) = z 3 z t xn c (z), with j + i < — 2 and i > 0. Let 
F(z) = (z 3 z l+1 — z 3 ~ l ~ 3 ) ( z )- It is clear that F G W 1,P (C) for p > 2. As a consequence 

Bp = B{dF) = dF, that is, 

Bp{z) = f--i—z 3 - 1 ?* 1 - j xd -(-). 

V* +1 i +1 / 

Thus, the direct sum (understood as a vector space of linear combinations with finitely many 
non-null coefficients) of the spans of monomials like the ones introduced above 

$ : = ® (z 3 z l Xoc{z)) 

2: i>0 


is stable under £>, and clearly Sxd G <5. The lemma is proven for f = xo- 

In general, every radial function / G L 2 (C) such that /|d = 1 can be approximated by finite 
linear combinations of characteristic functions of concentric circles. The lemma follows combining 
those facts. □ 


3.4 Compactness of lZ rn 

Proof of Lemma [)Q[ Recall that we want to prove that 7 Z m : f >->• xnB (xn<=B m ~ 1 (xnf)) is a 
compact operator in W n,p (Sl). 

Since lZ m f is holomorphic in SI, it is enough to see that T m '■= d n 1Z m : W n,p (Sl) —► L p (Si) is a 
compact operator. 


Indeed, we have that 7 Z m is bounded in W n,p (Sl) by (3.31 and, thus, since the inclusion 


W n,p (SY) W n ~ l,p {Sl) is compact for any extension domain (see (Tri831 4.3.2/Remark 1]), 
we have that 7 Z m : W n ’ p (Sl) —► W n ~ 1 ’ p {Sl) is compact. That is, given a bounded sequence 
{fj}j C W n ’ p (Sl), there exists a subsequence {fj k }k and a function g G IT n_1 ’ p (fl) such that 
7 Zmfj k —► g in W n ~ 1 ’ p (Sl). If T m : W n,p {Sl) —> L p (Sl ) was a compact operator, then there would 
be a subsubsequence \ fj k and a function g n such that T m fj k —>• g n in L p (Sl). It is immediate 
to see that g n is the weak derivative d n g in SI. Therefore, if T m is compact then lZ m is compact 
as well. 

We will prove that T m is compact. Let / G W n,p (Sl). Consider a partition of the unity 
{V’qIqgw such that supp^'Q C and |V J i/^QI < ^( Q)~ 3 for every Whitney cube Q and every 
0 < j < n. 

For every i G N, let Sl t := UQ-f(Q)>2- ; supp (i/jq). We can define a finite partition of the unity 
{V’qIqgw such that 

• If E(Q) > 2~ l then ipQ = i/jq. 


• If £{Q) = 2 1 then suppV’n C Sh(Q) (see Definition 2.3), |V J ^n| < ((Q) 3 and supp tpn fl 
«>, c 2Q. 

• If E(Q) < 2~ l then if l Q = 0. 

Indeed, to obtain ipQ for cubes Q with £(Q) = 2~ l , choosing a convenient p > 1 one can consider 
a partition associated to {Uq}^^-* for the collection of open sets 

Uq = 2Q U {a: : dist(x, Q) < pQ , with either xGSl c or xGSGW with £(S) < 2~ 1 } C Sh(Q) 
and then multiply each of these functions times ^xn — He(Q)> 2 ~ i ' 
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Then, writing f Q = f Q f dm for the mean of / in Q and ( T m {f - fo)) Q = f Q T m {f ~ /q) dm, 
we can define 


V n f{z)= Y, T m (f)(z)^ Q (z) + Y (Tm(f - f Q )) Q r Q (z). 

QGW:£(Q)> 2- i Qe\V-.e(Q)=2-i 


We will prove the following two claims. 


Claim 3.14. For every i £ N, the operator Tf, : W n,p (fl) —» L p (fii) is compact. 

Claim 3.15. The norm of the error operator £ l := 7~ m ~ fifn : W n,p (fl) —> L p (fil) tends to zero as 
i tends to infinity. 


Then the compactness of Tm is a well-known consequence of the previous two claims (see |Sch021 

□ 


Theorem 4.11]). Putting all together, this proves Lemma 3.2 


Proof of Claim \TTf\ We will prove that the operator 7^ : W n ' p (fiL) —)• W 1,p (fi) is bounded. As 
before, since 12 is an extension domain, the embedding W 1,P {£1) ^ L P {Q.) is compact. Therefore 
we will deduce the compactness of 7^ : W n ’ p (£l) —► L p (12). Note that the specific value of the 
operator norm is not important for our argument, since we only care about 

compactness. 

Consider a fixed i £ N and / £ W" ,p (12). For every 2 £ 12 and every first order derivative D, 
since T m f is analytic on 12, we can use the Leibniz rule \2.2\ to get 


DVJ= Y DT m (fW Q + Y Tm{f)Dil>Q+ Y (7m(/ — fo)) Q Df>Q- 

Q‘AQ)> ‘2~ i Qd(Q)>2~* Q:£(Q)=2~ i 


By Jensen’s inequality \T m (f ~ /q)| q < || T m (f - /q)|| Lp( q/(<9) 2/p , so 


|V7£/(z)| < Y X% Q (z)\VT m f(z)\+ Y \^Q{z)\\T m f{z)\ 

Q:£(Q)> 2~ i Q:£(Q)>2~ i 


+ Y lv^Wllir m (/ - /q)IIlp (Q) ( 2 _1 ) _2/p - 

QAQ)=2-< 


(3.24) 


Using the finite overlapping of the double Whitney cubes and the fact that |V^>q(z)| < 2 l for every 
Whitney cube Q, we can conclude that 

ll v 'C/||L ( o) \\VT m f\\ p LP(ni) + \\Tmf\\ p LPm + Y (II7-/II Uq) + \fQ\ P \\Tml\\ P LP{Q) ) ■ 

QAQ)=2-' 

By the Sobolev Embedding Theorem 

|/q| < ll/lli<»(n) ~n,p ll/ll w 1 'P(Q.)- (3.25) 

Thus, since T m '■ W n,p (tt) — > L p (12) is bounded, we have that 

||V7^/|| iP(n) < p ,i,n l|VT m /|| iP(ni) + \\f\\ W n. P(ny (3.26) 

To see that \\TT m f\\ LP{ni) <* \\f\\ W n, P(n) , note that VT m / = Vd n B (xn<=B m - 1 (xnf))■ We 
have that B m ~ l : L p (fil) — > L p (12 c ) is bounded trivially, and for z £ 12j and g £ L p supported in 
12 c we have that 

\Td n Bg(z)\< f - - 1 — ^g(w)dm(w). 

J\z—w\>2~* \ z - M + 
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This is the convolution of g with an L 1 kernel, so Young’s inequality (2.5) tells us that 

\\Vd n Bg\\ LP(ni) < Ci\\g\\ LP , 

proving that 


I VT m 


\Lp(ni 




|^ m - 1 (xn/)| 


Lp(n° 


< 


\Lp(n) 


< 


lw™.p(n)- 


< 


(3.27) 

I w n ’ p (£ 2 ) ■ The reader 
as well. This, 


Combining (3.26) and (3.27), we have seen that ||V7^,/|| iP ^ 
can use Jensen’s inequality as in (3.24) to check that ~ IU Nw"' p (fJ) 

proves that the operator 7^ : W n,p (CL) —> W 1,p {Cl) is bounded and, therefore, composing with the 
compact inclusion, the operator T’ n : W n,p {CL) —> L p (Cl) is compact. □ 

Proof of Claim \ 3.15\ We want to see that the error operator 

£* — -r _ 7"» 

c ' 'm 1 m 

satisfies that 11^*11 (f 2 )^-z>p (fi) tends to zero as i tends to infinity. 

Recall that f li = Ug^(Q)> 2 - i suppWe define the modified error operator £q acting in 
/ e W n ’ p {Cl) as 

: = E E Tmif ~ fs){z) ~ {Tm(f ~ fq)) Q X 2 s(z) 

Q-l(Q)=2~ i S:i(S)<2~ i 

SCSh(Q) 


for every z £ Cl. The first step will be proving that 

11^ /|Ilp(£ 2) ~ ll^o/||LP(n) +^11/11^1^(0), 


(3.28) 


with Ci 0. 

Note that T m l = T m \n because T m f = d n xnB (xn=£ m_1 (xn/))• Let us write 

Tmf{z)= E Tm(f){z)'ips{z)+ E (fsT m {l)(z) + T m {f - fs)(z))ifs(z) 
S6W:<(S)> 2~ i SGW-.e(S)< 2~* 

for z £ Cl. Recall that 


Vnf{z) = T m (f)(z)lf Q (z) + (T m (f - f Q )) Q r Q (z). 

QGW:f(Q)> 2-i QeW-.e(Q)=2-i 

Thus, for the error operator £ l we have the expression 

^f(z) = Tmf(z) - 7 Zf{z) = E fsTm{l){z)^s{z) 

s-.e(s)< 2 ~ i 


+ E Tm(f- fs)(z)lps(z) - E (Tm(f - fQ)) Q 1pQ(z) 
\S-.e(S)< 2 - i Ql{Q)= 2 ~ i 

= £{f{z) + £if{z). 


The first part is easy to bound using again (3.25). Indeed, we have that 
ip 




< 


llLP(f2) ~P £ i*iiT„(i)r„ (11/10S) < n ii/r„,„ ( „ ) iir m (i)r„ ( „ w ,_ 0 , 

S:((S)< 2~ i 


(3.29) 

(3.30) 
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where HT ro (l)||^ fmn , 0. 

To control E\ / in (3.29), note that every z £ satisfies 

X VtsO) = X ^( z ) - 1 > ( 3 - 31 ) 

S-.e(S)< 2~i Q:f(Q)=2- i 

with equality when z ^ (Je(Q)> 2 ~ i su PP(V’q)i that is, when z £ id \ fdj. In this case 

£2 f(z)= X T m {f ~ fs){z)^ s {z) X 

S-.t(S)<2- i QAQ)= 2-i 

X (Tmif - Iq)) q 4’q{z) X 

Q:£(Q)—2~ i S:^(S)<2- i 

= X X (3.32) 

Q:£(Q) = 2-i S-.e{S)<2-i 

If, instead, z € = Uq-^q)^-* supp^Q) then there is a cube Sq with £ £ supp('i l>s 0 ) and 

£(S 0 ) > 2~ l+1 . Therefore, any other cube S wit h tfs iz) 7 ^ 0 must be a neighbor of S 0 and, 
therefore, it has side-length £(S) > 2~ l (see Section [2T[). Therefore, 


(3.33) 


4 /(*) = X T m (f ~ f S )(z)lps(z) - X CM - f Q )) Q Mz) 

S:l{S)=2~ i Q-AQ)= 2-< 

X (^(/ - fQ)(z)4’Q(z) - (Tmif - /q))q^q(z)) ■ 

Q:f(Q)=2-* 

Adding and subtracting 7^n,(/ — /q)( 2 )^( 2 ) at each term of this sum, we get 

£ 2 /(*) = X T ni(f ~ fq)(z) (^Pq(z) - i4q(z)) 

Q:t(Q)=2-* 

+ X {T m (f-f Q )(z)-(T m (f-fQ)) Q )^(z). 

QAQ)= 2-^ 

Summing up, by ( |3.32[ ) and ( |3.33[ ) we have that 

£ 2 / 0 ) = Xn\^(^) X X { T rn(f - fs)(z) - (Tmif - fQ)) Q )4>s(z)4’Q(z) 

Q-.t(Q)=2- i S:^(S)<2- i 

+ Xn i \n i _i(2) X { Tm (f ~ f Q )(z)-(T m (f - /q))q)V’qOO 

Q:f(Q)=2-‘ 

+ Xn,\f2,-i(^) X Tm(f - f Q )(z) (lp Q (z) - 1 p* Q (z)) . 

QAQ)=2~< 

Since every cube Q with £(Q) = 2 _z satisfies that supp i/’q C Sh(Q) and supp tpQ n 0,; C 2Q, we 
get that 

l^fiz^fzXQXQi-Az) X X Tm(f - fs)(z)-(T m (f - f Q )) Q X 2 s(z) (3.34) 


QAQ)= 2 ~ i s-.e(S)< 2 ~ i 
ScSh(Q) 


+ Xsii\sii -1 ( z ) 


X T m(f ~ /q)(z) {4>q(z) - ^q(z)) 

QAQ)= 2 - 
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The first term coincides with £^f. For the last term, just note that whenever z £ fl; \ 
using the first equality in (3.31) we have that 


E T rn(f)(z) (V’q(z) -1p Q (z)) = T m (f)(z) ^ ^q(z) - ^ 1 p Q (z) \ = 0. 

Q:«(Q)=2- i \Q-AQ)=2- i Q-AQ)=2- i ) 

Thus, for z £ Qi\ 

E T m {f ~ fQ)(z) (iI>q(z) - i> Q (z)) = ~Tm{fQ)(z) (iI>q(z) -l/) Q (z)) , 

QAQ)= 2-i Q:£(Q)—2~ i 


which can be bounded as E\ in (3.30) by noting the finite overlap of supports of ipQ for cubes Q 
of size 2~\ This fact, together with (3.29), (3.30) and (3.34) settles (3.28), that is, 


l^ l ^llz,P(Q) ~ ll^o/|Lp(f2) + C , i,0,n,p||/|| M / 1 ,p(0)) 


with C it si, n ,p 0. 

Recall that we defined the modified error term 


£ of( z ) = Xn\n i _ 1 (X) E E T m (f - fs)(z) - {T m {f - fQ)) Q X 2 s(z)- 


QAQ)= 2-i S:£(S)< 2~ i 

SCSh(Q) 


Next we prove that ||So/|| LP(n) < Ci\\f\\ w i,P(n), with Q 0. 

Arguing by duality, we have that 


£ of\\ L v = SU P 


,-i Q . i{Q)=2 ~, 

S:l(S)< 2~ i 
ScSh(Q) 


E T ™{f - fs){z) - (' T m {f - /q)) q X 2 s{z) \g(z)\ dm(z). 


(3.35) 


First note for every pair of Whitney cubes Q and S with S C Sh(Q) and every point z, using an 
admissible chain [S', Q) = [S, Q] \ {Q} we get that 

TmU - fs){z) - (T m (f - f Q )) Q = Tm(f - fs)(z) ~ ( T m (f ~ f S ))g 

+ E] (7rn(f — fp))p ~ {Tm{f — fj\T(P))) jty'fp) ’ 

Pe[s,Q) 


where Af(P) stands for the “next” cube in the chain [S, Q\ (see Remark 2.2). Note that the 
shadows of cubes of fixed side-length have finite overlapping since |Sh(<3)| « |Q| and, therefore, 
every Whitney cube S appears less than C times in the right-hand side of (3.35). Thus, 


£ of\\ L v ;$ su p 


/=1 


E 


S:l(S)<2~ i J2S 


\Tm(f - fs)(z) - ( Tm{f - fs))s\ \d(z)\dm{z) 


(3.36) 


+ E E - fp))p~ {TmU - fjS(P)))JS {P) [ \g(z)\dm(z)\ 

^ n — i TD r C J 2S / 


QAQ)=2~ i P&[S,Q) 
S:l(S)< 2~ 

ScSh(Q) 
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All the cub es P £ [5, Q] with S £ SH(Q), satisfy that i(P) < D(Q, 5) 
If we assume that £(Q) = 2~‘ 


and Definition 
have that 


2.3 


£(Q) by Remark 2.2 
this implies that £{P) < C2~'. Moreover, we 


(Tm(f - }p))p - (T m (f - Mp)))^ ( p) | < E j p \Tm(f - fp){z) - (Tm(f - f L )) L I dm(*). 

(3.37) 


in2P^0 1 


Finally, we observe that P £ [5, Q] with S' C Sh(Q) imply that D(P, S) < C£(P). Indeed, if P £ 
[S, S Q ] then this comes from (2.7) and, if P £ [Qs, Q\ by (2.71 we have that f'(P) ~ D(P, Q) > £(Q) 
and by (2.6 > £(Q) « D(Q, 5) « D(P, 5). Thus, for a fixed P with £(P) < C2~ l and g £ L p 


have that 


we 


E / \ 9 (z)\dm(z)<C Y 


Q:£(Q)=2~ i 

S:ScSh(Q) 

P£[S,Q] 


12S 


S:D(P,S)<C£(P) 


!2 S 


| g(z) | dm(z) < £(P) d inf Mg. 


(3.38) 


Note that we again used that every cube S appears less than C times in the left-hand side. By 
(3.36), (3.37) and applying (3.38) after reordering, we get that 

\{Tm(f - fs)(z ) - ( Tm(f - /l))l) (|p(^)| + Mg(z))\ dm(z). 


£ of\\ L P S SU P 


1 S:£(S)<C2~ i 2S 


E 

S)< c 
Ln2S^0 

Since ||Mg|| iP / < ||ff|| iP ' < 1, we have that 

I Tm{f - fs)(z ) - (Tmif - f L )) L | \g(z)\ dm{z), 


\4f\L £ SU P_ E 

llsllp ' -1 (s,L)ew 0 ' 


2 S 


where Wo = {(S, L) : l(S) < C2~ l and 2SflL / 0}. 

For every cube Q , let ipQ be a radial bump function with Xioq < <^q < X 20 Q and the usual 
bounds in their derivatives. Now we use these bump functions to separate the local and the non¬ 
local parts. In the local part we can neglect the cancellation and use the triangle inequality, but 
in the non-local part the smoothness of a certain kernel will be crucial, so we write 


\4f 


0 J Wlp 


< 


sup 

9 llp' =1 S:£(S)<C2~ 


E 


l2S 


I Tm[(f - fs)<ps](z) | \g{z)\dm{z) 


+ sup Y / I Tm[(f - f L )ips}{€)\ dm{£) [ \g\dm 

ll®llp ' =1 (S,L) 6 W 0 L J 2S 

+ sup Y [ T~m[(f-fs)(l-iPs)\(z)-(Tm[(f-fL)(l-<Ps)])L\g(z)\dm(z) 

II®IIp = 1 «,i)ew 0 2S 

■ |§ ( 3 - 39 ) 


Since f 2S \g\ dm < infyg Mg and 2 L C 75, we have that 

I T m [(f - f L Wsm\Mg(0 dm(0 = D 


n< sup y 


"p ' _1 (S,L) 6 W 0 J2L 


31 
























Note that the inequality \g\ < Mg (which is valid almost everywhere for g in Lj ) imply that 
0 < fJJ as well. 

First we take a look at [0]. For any pair of neighbor Whitney cubes S and L and z £ 2 L, using 
the definition of weak derivative and Fubini’s Theorem we find that 

f (wM;)™- 1 


Trn[(f - }l)Vs\(z) =C n f 
Jn‘ 


{z - w) n + 2 J 20S (w - 0 m+1 
n 1 


(/(0 - /l)<Ps(£) dm(C) dm(w) 


(z - w) n + 2 J 20S (w - 0 m+1 


^ W S ' ) d[{f- f L )<Ps](€)dm(€)dm(w) 


— Crj 


{w-i) r 


dm(w) d[(f - f L )<fis](0 dm(£). 


1 20 s \J 0 = (w~O m+1 (z-w) n+2 

In the right-hand side above, we have that £, z £ Cl. Therefore, we can use Green’s Theorem in 
the integral on il c and then (3.11) to get 

T m [(f - f L )vs\(z) = c ny 


(w-Z) 


m+1 


20s Wan (w-O m+1 (z-w) n+2 
Krh 0 (z, Qd[(f - f L )vs] (0 dm(£), 


dw d[(f - f L )<Ps] (0 dm(t;) 


/ 20s 


where mo := (2 + n, m + 1, m + 1). 
Using Proposition 3.6 we have that 


K tAo ( Z >0 = Cm,nd n B X n(z) 


(£ - zY 


ym+l 


c Ft 


(z>0 


(f - z) m+1 ^ (£ - z) m + n + 2 ~i 

j<m 


The first part is d n Bxa(z ) times the kernel of the operator T ( m 1,m ) (see Theorem 2.12). For 
the second part, we have that by Lemma |3.12| 


< 


|£ - z \ m+n+2 -i ~ |£ - . 


12—o-o ’ 


where a p = 1 — Thus, 


I = sup 

llsllp'— 1 (S,L)£ 

< sup £ 


P ,_1 (S,L)6W 0 • 


sup 

9 Hp' =1 (s,L)ew 0 


E 


' \T m [(f ~ h)<Ps\(z) I (3.40) 

2 L 

VBxnWTt-”*" 1 -"*) (d[(/ - /l)H) (*)| Mg{z) dm{z) 
f \d[(f ~ fL)<Ps](0\ 


2 L 


12L J 205 


l£-* 


2 (Tp 


dm(^)Mg(z ) dm(z) = 


In the first sum we use that in W 1,P (C) we have the identity m 
c m S m and, therefore, T^~ m ~ 1,rn ^d[(f - /lVs] = c m # m [(/ - f^s] G C L°°, so 


o<9 = SoTf-™- 1 ’") = 


EDI < sup ^ 


|5"BxnWI Mg{z) dm(z)\\B m [{f - /l)<As]||j 


"p'- 1 (s,L)ew 0 ' 


2L 


< 


sup \\ dnB XQ.\\ L r{2L)\\ M 9\\ Lp'( 2L) r’P(c) 1 


"p'- 1 (s,L)ew 0 


32 

































By the boundedness of B m in W 1}P ( C) we have that 


l'S m ((/ fl^Vs] || w 1 -p(C) ~ II (/ fL) l fis\\w 1 ’P(20S)- 


Moreover, the Poincare inequality (2.12) allows us to deduce that 

\\(f - h)<Ps\\ WUp(20 S) < liv/ll Lp(20S)' 


(3.41) 


On the other hand, there is a certain i 0 such that for ((S) < C 2 1 and L n 2S ^ 0, we have 
that S, 2L C \ and 

Lp(2L) — \\d n B X a\\ Lp( Q\Q.i_i 0 )- 

Thus, by the Holder inequality and the boundedness of the maximal operator in L p we have that 


< 


l<9 n £xfi|| LP(fAn ) sup E W M 9\\ Lp' (2 L) liv/ll 

L p (20S) 


"p'- 1 (S,L)eW 0 


<Cn,i\\Vf\\ L P { n) SU P \\Mg\\ LP> < p Cn,i\\Vf\\ LPm , 


(3.42) 


with C n , 0. 


To bound the term |I7.2|| in (3.40), note that given two neighbor cubes S and L and a point 

ave that 

dm{C) < M (d[{f - f L )vs]) {z)e(S) ap . 


z € 2L, integrating on dyadic annuli we have that 
f I d[(f ~ fL)<Ps](t) 


Thus, 


' 205 


< 


l£~ 


sup E [ M ( 5 [(/ - f L )<Ps}) (z)e(S) ap Mg(z)dm(z) 

HL/=i ,c TT^a,. J2l 

\\Mg\\ LP ' ( 2 l) 


"p '- 1 (s.qeWo • 


<2 ia p sup E || M (9[{f - f L )ip s }) 

U ff Hp' =1 (s.i)eWo 


lip(n)i 


and, by the boundedness of the maximal operator, (3.41) and the Holder inequality, we get 

Ilp'( 2 L) ~ ^ l<T p||V/|| L p (a ). 


5, 2“ 


SUp E \\ d [(f ~ fL)<Ps]\ 


"p'- 1 (s,L)ew 0 


LP(20S) 


WMgh 


(3.43) 


By (3.40), (3.42) and (3.43), we have that 


< 


C'n,i||V/|| iP(n) , 


(3.44) 


with Coi 0. 


Back to ( 3.39[ ) it remains to bound 

1= sup E / \Tm[(f - fs){l ~ <ps)](z) - (T m [{f - f L ){l-<Ps)]) L \ \g{z)\dm(z). 


"p'~‘ 1 (S,L)6W 0 

Fix g > 0 such that ||< 7 || , = 1. Then we will prove that 

[3g| < Cfi.ill/ll W 1 'P(f2)5 
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with Cq i 0, where 


H : = E / / \T m [(f - vs)]{z)-T m [(f - <Ps)\(0\ dm(C)g{z)dm(z). 

(S,L) 6 Wo J ' 2S JL 

First, we add and subtract T m [{f — /l)( 1 — yjs)](z) in each term of the last sum to get 


< E [ \Tm[{fL - fs)0-- <Ps)](z)\-f dm{C t )g{z) dm(z) 

(S,L)GWo J 2S jL 

+ E [ 'f\Trn[(f-fL)0--ips)](z)-T m [(f-fL)(l-Vs)](O\dm((,)g(z)dm(z). 
J2S JL 


(s,L)ew 0 


For a given z £ SI, 


i m-h\ 


In- Jn \z - w\ n + 2 \w - £\ 2 


dm(£) dm(w) < 


| log(dist(u>, 17)) | + 0(1) 
\z - w\ n+2 


dm(w), 


which is finite since 17 is a Lipschitz domain (hint: compare the last integral above with the length 
of the boundary times the integral f Q | log(f)| dt). Thus, we can use Fubini’s Theorem and 

then Green’s Theorem to state that 


T m [(f - /l)( 1 - ¥>s)](z) = c„ f 

Jn- 


1 


(w~0 


m— 1 


(z - w) n + 2 J n (w - £) m+1 

(w7^£) m 


— c n 


in \Jon (w - 0 m+1 (z ~ w) n + 2 

[(/ - JxX 1 - <As)](£) dm(£), 


(/(£) ~ /l)( 1 - ^s(O) dm{£) dm(w) 


dw [(/ - f L )( 1 - <As)](£) dm(0 


where mi := (2 + n, m + 1, to). Arguing analogously, 

T m [(f L -fs)0--tps)](z) = c n ,m{fL- fs) [ Krn 1 (z,€)(l-<ps)(€)dm(€). 

Jn\ws 

Thus, we get that 


|8g| 

^ i/l - /si / 

[ KmA z ,C)[0- ~ Vs)](£)dm{C) 


(s,L)ew 0 

Jn\ws 


5 ( 2 ) dm{z) 

+ E f / f{K Al (z^)-K mi {C,m(f-fL)0--<Psm)dm(O 

/n r\^ui J 2S J L J £2 


(5,L)GW 0 
+ 


dm(()g(z)dm(z) 

(3.45) 


Recall that Proposition 3.6 states that for z £ 25 and £ G 17, 

c m,n,jR m + n _l,j (A 0 


m— 1 


^mj(z ,0 = C m ,„5"Sxn(2) 


(£-z) 

(£-z ) m+1 ' ^ (£- 2 ) m +”+ 2 -J 

j<m 


E 


and, for any z,£ € 17, by (3.22) we have that 

Rrn,+n-l,j( Z ’ 0 


(~ _ ^W+n+ 2 —j 


5 Cn,n,r 




3 O’ r> 


(3.46) 


(3.47) 
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where a p = 1 — Thus, by (3.23) and the identity i ^ = (b ^ ^7%/ b -, when 2 , £ £ 55 


and £ G fl \ 20S 1 we have that 

XZ+n-lj(*,0 *C+n-lj(CO 


(£ — z ^m+n+2-j (£ _ Qm+n+2-j 

RZ+n-lj(z,0 ~ RZ+n-lA^O 


< 


R 


(£ — £) m + n + 2 -i 


< 


m+n—l,j \ Z i C) 

Cl 


1 


1 


f2,n,m 


I*-Cl 


4—< 7 . 


(£ _ ^m+n+2 —3 (£ _ Qm+n+2-j 

(3.48) 


|z-C| c 

\ z - Cl 3 ~ 


\ z — Cl 3 ' 


Then, using that dist(2S l , supp(l — ipsj) > 0, we have that J Q [(1 — tps)\(£) dm( £) = 

c to Bq [(1 — </3 s)](z) for z £ 2S and, by (3.45), (3.46) and (3.47) we get that 

E \f^-fs\ f \d n Bxn(z)B^[(l-ips)]{z)\g(z)dm(z) 

(s,L)ew o J2S 

+ E \fL-fs\ [ f dm(£)g(z) dm(z) 

(S,L)eW c J 2 SJn\ 10 Sl Cl 

= Drill + 118X211 . 

By the same token, using ( 3.45| , (3.46) and ( |3.48 l we get 

\d n Bxn(z)B%[(f - f L ){ 1 - y>s)](z)| dm(Qg(z) dm{z) 


(3.49) 


s E 

(s,L)ew 0 ' 


2 S J L 


E 

(s,L)ew 0 ' 

E 

(S,L)ew 0 ' 


2 S J L 


\d n Bxn(()B%[(f - / L )( 1 - <As)](C)I dm{Qg(z) dm(z) 
^ 1/(0 - fL\dm(Qdm{C,)g(z)dm{z) 


2 sJlJq.\WS l z — Ch 


= | [8X111 + 1 [8X211 + 11X011 . 


(3.50) 


We begin by the first term in the right-hand side of (3.49), that is, 

D= E \h-fs\[ \d n Bxn(z)B^[(l-ips)]{z)\g{z)dm(z). 

,r,r J 2 S 


(S,l)gw 0 


(3.51) 


By the Poincare and the Jensen inequalities, we have that 

I h - fs\ < j L |/(C) - fs\dm(0 < |^I|V/|| L1(5S) < Z{SYi ||V/|| iP(5S) . 

On the other hand, applying Lemma 3.13 to ips (conveniently rescaled and translated), we have 
that B m ips(z) = 0 for 2 £ 2S. Therefore, using ( |3.51 1 we have that 

ra<HV/|| LP(n) Y / \8 n B X a{z)BSxa(z)\g{z)dm{z) (3.52) 


S-1{S)<C 2- 


< 


2- i ( 1 -i)||V/||^ (0) || 5 ||^ (0) ||a^xT2ll^ ( r2 ) II^Xo||^ (f2) <n 2"^ 1 -§>||V/|| 


lp( n)- 


Let us recall that the second term in the right-hand side of (3.49) is 


in= e \h-fs\ 

(S,i)6W n 


1 


2 s Jn\ws \ z ' 


^| 3 —er p dm (C )g(z) dm(z) 
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and, by (3.511, 


ms e 


1 (2*5) 


S-1(S)<C 2- 4 

< E £(S) ap ~p + p || V/|| iP(5S) ||.g|| i p/ (2S) . 

S-l(S)<C2~ i 


By Holder’s inequality, 


imi<2-^nv/ii 

LP(fi) Hull ip'(n) ^2 ,<Tp l|V/|| 

lp(q)- 


Using this fact together with (3.491 and (3.52), we have that 

E<C'n, i ||V/|| iP(n) , 


(3.53) 


with C a ,i 0. 


Let us focus now on the first term in the right-hand side of (3.50), that is, 

ll8-2.Hl = E [ \ dn8 Xn(z)\ /l)(1 - <p s )](z)\g(z)dm(z) 

(s,L)ew 0 J2S 

< E ll5llLp'(2 S )l|5"Bxn|| iP(2S) ||S^[(/ - f L )( 1 - VS )]|| £ »( 2S) . 


(3.54) 


(s,l)gw o 

By the Sobolev Embedding Theorem and the boundedness of Bq in fU 1,p (f2) (granted by Theorem 


2 .12|) we have that 


\m(f - /l)( 1 - <Ps)]\\ L ~ (a) < II BS[{f - f L )( 1 - V’s)]|lw 1 .p ( n) < IK/- h)( 1 - Vs)|| w i.p( n) 

and, using Leibniz’ rule, Poincare’s inequality and the Sobolev embedding Theorem, we get 

IISnK/ - /l )(1 - ^)]IL~ ( n) < HV/|| LP(n) + ^y||/ - /l|| L p(20S) + ||/ - /lII^h) 

<n ||V/|| LP(fi) + liv/ll Lp( 20 S) + II/IIlp(Q) + II/IIl“ ^ ll/llw 1 .p(n)- 

Thus, by Holder’s inequality we have that 

ll 8-2-l || < ll/llw 1 .p(n)ll3llip'( fi )ll^”^ a ll iJ, ( f2 \ fi i-io) = H/llw 1 >p(n)ll^ r! ^X^IlLp(o\n i _ i0 )- (3.55) 

Note that ||d n ffxo|[ LP(n \ Qi } 0. 

The second term in (3.50), that is, 


1331= E 


(s,L)ew 0 


KLy l a "ra(C)Sn [(/-/l)(! - ^s)](ON m (C) J^g{z)dm{z), 


follows the same pattern. Since S and L in the sum above are neighbors, they have comparable 
side-length, and for ( £ L we have that f 2S g(z) dm(z) < £(L) 2 Mg((). Therefore, 

m < E f |9 n Bxn(C)Bff[(/-/L)(l-^s)](0|M ff (0dm(C) 

(s,L)ew 0 

< E ll M 3ll LP ' ( 5 S )ll^xn|| L p (5S) ||^[(/ - f L )( 1 - ^)]|| L ~ (5 s)- 

S-J(S)<C2~ i 
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The last expression coincides with the right-hand side of (3.54) changing g by Mg and 25 by 55. 
Arguing analogously to that case, we get that 


| |8.2.2 || < \\f\\w l ’P(n)\\Mg\\Lp'(£i' ) \\d n Bxn\\LP(n\si i _ io ) < 


lw ,1 .P(n)ll^”^An|| i p(o\o i _ io )- (3.56) 


Finally, we consider 


ra= e 


: - C| c 


I /(£) - h\dm(£) dm(C)g(z) dm(z). 


(S,l^wJmJlJvvo 8 l*-fl 3 

Note that for z, £ € 55 we have that \z — £| < £(S). Separating f l \ 105 in Whitney cubes we get 

D< E [ 9(z)dm{z) E ATWma \\f ~ fd^py 

fa rviA). ^ 2 S PeW 1 5 ' 


(s,i)eWo 


Using the chain connecting two cubes P and L, by (2.13) we get that 

11/ ~ h\\mp) ~ E II V /H l'(5Q) ■ 

Qe[P,L\ 


Thus, 


11872731 < 2~ ia r E E 

i,PeWQe[P,L] 


^) 2 ||V/|| L1(5Q) ||5|| il(7i) 

e(Q)D(L,P)3 


By Lemma 2.5 (with p = 1), we get 


D<2-p||V/|| iP(n) , 


and Claim 3.15 is proven. Indeed, by (3.50), (3.55), (3.56) and (3.57), we have that 


< 


Ovl|V/|| iP(n) . 


This fact combined with (3.451 and (3.53) prove that 


< sup [8g] < Cn ti \\Vf\\ LP{n) 
llslL/=i- 


and, together with (3.28), (3.39) and (3.44|, gives 

ll^ I /ILp(n) ~ C , n,»||/Ilw i ,p(n)) 


(3.57) 


with C n , t 0. 
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